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INTRODUCTION 



This dissertation is devoted to study of some structures appearing in represen- 
tation theory of simple Lie algebras (quantum groups, affine Lie algebras) and 
their relations with the theory of special functions and mathematical physics. This 
subject, of course, has a long history. A representation-theoretic approach to spe- 
cial functions was developed in the 40-s and 50-s in the works of I.M.Gelfand, 
M.A.Naimark, N.Ya.Vilenkin, and their collaborators (see [V], [VK]). The essence 
of this approach is the fact that most classical special functions can be obtained as 
suitable specializations of matrix elements or characters of representations of groups. 
In geometrical terms, interesting special functions appear as spherical functions on 
symmetric spaces associated with G, which was studied by Harish- Chandra and 
Helgason (see [HC], [W]). 

However, this approach does not cover all interesting cases. For example, it 
was shown in recent works on representations of (quantum) affine Lie algebras that 
matrix elements of intertwining operators between certain representations of these 
algebras are interesting special functions - (g-)hypergeometric functions and their 
generalizations [TK, FR]. 

In this dissertation we present a more general scheme, which includes both the 
classical theory of characters and matrix elements and intertwining operators. This 
scheme was suggested in the joint paper of the author and Pavel Etingof [EKl] and 
developed in papers [EK2~ EK5, El, Kl, K2]. Briefly it can be described as "theory 
of characters for intertwining operators" , which we call generalized characters. This 
approach allows to get in a natural way many interesting special functions (for 
example. Lame functions, Macdonald's polynomials) and easily prove a number of 
their properties. 

Here are the main ideas of this approach. Let g be a simple finite-dimensional Lie 
algebra over C, and let G be the corresponding compact real Lie group. An impor- 
tant role in the representation theory of G play the characters of finite-dimensional 
representations; in particular, they form a distinguished basis in the space of func- 
tions on G invariant with respect to conjugation; in other words, they are zonal 
spherical functions on the symmetric space G x G/Gdiag- We can generalize this 
considering equivariant functions, i.e. functions on G with values in a representation 
U which satisfy 
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figxg ^) = 9f{x). 



This is a particular example of so-called /U-spherical functions which were studied 
in papers of Harish-Chandra (see [HC, W]). 

It turns out that this space has equally natural description. Namely, let V be 
any finite-dimensional representation of G, and ^ : V ^ V ^ U he an intertwining 
operator. Define the corresponding generalized character x$ by 



This is a natural generalization of usual characters; however, it takes values not 
in C but in the representation U. It is easy to see that is equivariant; moreover, 
every equivariant function is a linear combination of generalized characters. Note 
that due to the equivariance, the generalized character is completely determined by 
its values on the elements of the form g = e'^,h from Cartan subalgebra of Q. For 
this reason, from now on we consider as a function on Cartan subalgebra. 

In the classical case many properties of representations could be expressed in 
terms of their characters. The same holds here: many properties of intertwining 
operators can be expressed in terms of corresponding generalized characters. For 
example, the natural inner product on the space of intertwining operators gives 
an inner product on generalized characters and an analogue of the orthogonality 
theorem for them. Similarly, the fact that $ commutes with the center of Ug 
yields differential equations satisfied by the x$ - each element of the center gives a 
differential equation. Thus, the generalized characters are common eigenfunctions 
of a family of commuting differential operators, obtained from the center of Uq. 

These generalized characters are a rich source of special functions. In general, 
these functions have not been studied before. However, in some special cases they 
coincide with well-known objects. For example, if [/ is a trivial module then this is 
nothing but the usual characters and thus we recover the classical theory. 

More generally, the generalized characters (considered as functions on the Cartan 
subalgebra) take values in the zero-weight subspace U[0]; thus, if we consider the 
case of Lie algebra sin and take U to be the space of homogeneous polynomials in n 
variables of degree {k — l)n then U[0] is one-dimensional and thus the generalized 
characters can be considered as complex- valued. In this case we show that the ratio 
X<i./5^~^, where 5 is the Weyl denominator, is the Jack symmetric polynomial. The 
simplest way to describe Jack polynomials - or more generally, Jacobi polynomials, 
which are generalization of Jack polynomials to the case of arbitrary root systems 
introduced by Heckman and Opdam - is to say that they are eigenfunctions of 
(conjugated by certain function) Sutherland operator: 
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where A is the Laplace operator on f). For special values of k this operator is 
just the radial part of the Laplace operator on certain symmetric spaces associated 
with the group G, and the eigenfunctions are zonal spherical functions. Heckman 
and Opdam have showed that for any k, these polynomials have a number of re- 
markable properties. In particular, they showed that the Sutherland operator can 
be included in a commutative family of differential operators, isomorphic to the 
algebra S'(f))^ ^ Z{Uq) of Weyl group invariant polynomials on [); also, these 
polynomials are orthogonal with respect to a certain inner product. All of these 
results are highly non-trivial and required a good deal of ingenuity. We will show 
that our representation-theoretic approach allows to obtain both these properties 
immediately as a corollary of the general results about the generalized characters. 
This new interpretation also suggests new generalizations, such as vector-valued 
analogue of these polynomials or afhne analogue (see below). 

In a similar way, the generalized characters can be defined for the quantum 
group UqQ, corresponding to g. All the constructions above can be generalized to 
this case with some minor changes; most importantly, differential operators should 
be replaced by difference operators. We will show that for the case g = sin and U 
chosen as above we get the famous Macdonald's polynomials - a family of symmetric 
polynomials which was recently introduced by I. Macdonald and has been the object 
of intensive study since that time. Again, this approach allows us to reprove many 
properties of Macdonald's polynomials (inner product identity, symmetry identity) 
in a very simple way. 

In a similar way, we can define generalized characters for affine Lie algebras. It 
turns out that if we take U to be tensor product of evaluation representations then 
these characters are precisely the correlation functions on the torus of the Wess- 
Zumino-Witten (WZW) model of conformal filed theory. We deduce differential 
equations, describing dependence of these generalized characters on the modular 
parameter of the torus and the parameters of the evaluation representations; we 
call these equations elliptic Knizhnik-Zamolodchikov equations (this was first done, 
in a different language, by Bernard [Be]) and study their monodromies. 

Again, in the case q = sin, U - evaluation representation corresponding to the 
representation U of sin described above we get an affine analogue of the theory 
of Jacobi polynomials. This is closely related with the elliptic analogue of the 
Sutherland operator. We can generalize to this case some results from the theory 
of usual Jacobi polynomials; there are also arise new phenomena, such as modular 
properties of these polynomials (as functions of the modular parameter of the torus) . 
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CHAPTER I 



BASIC DEFINITIONS 



1.1 Simple Lie algebras and their representations 

In this whole work, all the objects are always defined over the ground field C of 
complex numbers or its extensions. In this section we briefly list the main facts on 
the simple Lie algebras and their representations which we are going to use; all of 
these facts are quite standard and can be found in any textbook on Lie algebras 
(see, for example, [Hu, B]). 

Let be a simple Lie algebra over C of rank r, f) C - its Cartan subalgebra, 
Ug - its universal enveloping algebra. Then g has the root decomposition: 

= ()© 05a, 

aeR 

where -R C f)* is the corresponding root system. We fix a polarization of 12: R = 
U —R'^, where R'^ is the subset of positive roots. We denote by ai , . . . , e R'^ 
the basis of simple roots. The polarization of roots gives rise to polarization of 
: = n~ © [) © n"'", where n='= = 0Q,gjj± 0a , and corresponding polarization of 
Uq:Uq = Un~ © © Un+. 

We fix an invariant symmetric bilinear form ( , ) on by the condition that for 
the associated bilinear form on i)* we have (ct, a) = 2 for long roots; this form allows 
us to identify f)* ~ {) : A i— > /ia- Abusing the language, we will also use the notation 
( , ) for the associated bilinear form on f)*. We denote by ( , ) the canonical pairing 

f)©r ^c. 

As usual, for every a ^ R we define the dual root o:^ = ^ ^ introduce 
the following notions: 

(5 = ZcKi - root lattice; 

Q+ = 0Z+«,; 

(5^ = Za/ C [) - coroot lattice; 

P = {A G [)*| (A, a^) G Z} - weight lattice; 

P'^ = {A G {)*| (A, a^) G Z_|_} - cone of integer dominant weights; 
uji - fundamental weights: (cuj, ctj) = 5^; 
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= {/i e i)\{h, a) eZ} - coweight lattice; 

P= iEaei?+« = E'^i; 

9 E R - the highest root: 9 — a E for every ck G i?; 
/i^ = (p, 6*^) + 1 - dual Coxeter number for 9; 

We have a (partial) order on P defined as follows: A<pifyU — Ae . 

We denote by C[P] the group algebra of the abelian group P, i.e. the algebra 
over C spanned by formal exponents e'^, A G P with relations = 1, g^+A* = e'^e^. 
If an element / G C[P] can be written in the form / = E/i<A '^a*^'^' 7^ then we 
say that a\e^ is the highest term of / and write / = axe'^ + lower order terms. 

As usual, we denote by W the Weyl group of R and by l{w) length of an element 
w eW with respect to the generators Si = Sq,.. This group acts naturally on f)*, 
preserving P; thus, it acts on P and C[P]. Of special interest for us will be the 
algebra C[P]'^ of VT- invariant elements in C[P]. We will often use the fact that the 
orbitsums 



(1.1.1) mx^ ^ e^, AG P+ 

form a basis in C[P]^, which follows from the fact that for every A G P the orbit 
l^A contains precisely one element from P+. 

We choose a basis G ga, G 0_a for a G P"*" such that (e^, fa) = 1; then 
[cq,, foi\ = ha- In particular, if a = a j is a simple root then the elements 

_ 2 _ 2 

h - v_ 2 ^ 

satisfy the usual relations of the Lie algebra 5X2 ■ Moreover, ei,fi,hi,i = l...r 
generate Q. 

Let tti be any orthonormal basis in g. Define the Casimir element C G Ug by 
C = ^ af . This element is central and does not depend on the choice of orthonormal 
basis. Therefore, it is easy to check that it can be written as follows: let a;;, / = 1 . . . r 
be an orthonormal basis in f); then C = EaeK+ ^a/a + fa^a + 

We will also use the following useful identity: 



(1.1.2) A{C) = C + + 2n, 
where 

(1.1.3) Q = ^ai<^ai= ^ Ca <S) fa + fa <^ + ^Xi <^ Xi 

aeR+ 

is the g-invariant element in g g, and A : C/g — t/g C/g is the comultiplication: 
A(a;) ^x®l + l®x,xeQ and A(a6) = A(a)A(6). 

In general, there is no explicit construction of the whole center of U g. However, 
its structure as a graded algebra (and more over, as a module over U g) is known. 
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Theorem 1.1.1. 



Z{Uq) (51))^. 

We will construct the isomorphism (Harish-Chandra isomorphism) later; now 
we only say that under this isomorphism the Casimir element C ^ p2 '■ P2(A) = 
(A, A) — (p, p). Note that since it is known that (S'f))^ is a free polynomial algebra, 
the same is true for Z{Uq). 

Also, there exists a unique involutive algebra automorphism (Chevalley involu- 
tion) a; : — > such that 

(^(Ci) = -/i, 

(1.1.4) iv{fi) = -e„ 

u){h) = —h, /i e f). 

Let us now consider the representation theory of Q. If F is a g-module then we 
denote an action of x e g in F by ttv{x). We will always consider modules with a 
weight decomposition: V = ^xe^i* ^f-^l' where V[X] are finite-dimensional spaces 
such that hv — (A, h)v if w e h & i). We will call v e V[X] vectors of weight A. 
For every A e f)* we define the Verma module Mx by the following conditions: 

1. Mx is spanned over Ughy a single vector vx (highest weight vector) such that 
^a^x = 0, vx has weight A. 

2. Mx is a free module over Un~ . 

These modules are simplest examples of modules from category O. By definition, 
a 0-module V is said to be from category C, if it has weight decomposition, is finitely 
generated and satisfies the following condition: for every v eV, the space Uri^v is 
finite- dimensional . 

Let Ix is the maximal ideal in Mx which does not contain vx (it exists and 
is unique); denote by Lx — Mx/I\ the corresponding irreducible highest- weight 
module. For generic A (that is, for all A except a subvariety of codimension 1), 
Mx = Lx- Moreover, it is known that there is a unique bilinear form on Mx 
(Shapovalov form) such that (vx, vx) = 1 and (vi, XV2) = —{uj{x)vi, V2) for all x & Q. 
This form is symmetric and its kernel is Ix; thus, it descends to a non-degenerate 
form on L^. 

It is known that Lx is finite-dimensional iff A e P'^, and every finite-dimensional 
irreducible representation of g is obtained in this way. Moreover, if A e P'^ then 
the dual representation is also finite-dimensional irreducible: = Lx* , where 

A* = -wo{X), 

Wo being the longest element in the Weyl group. 

If c E Z{Ug) is a central element, then c|mx — x(c)(A -|- p)IdMx; where x '■ 
Z(Uq) (S'f))^ is the Harish-Chandra isomorphism mentioned before. The same 
holds for any subquotient of Mx-, in particular, for Lx- Note that for the Casimir 
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element we have C\mx — {^i A + 2p) \dMx'i thus, in the adjoint representation C acts 
by multiplication by 2h^ . 

For a finite-dimensional representation V oi Q let chV = X^Aeti* diml/[A]e'^ G 
C[P]. For an irreducible representation, the character is given by the Weyl formula: 

(1.1.5) chLA= ^"^^^ ; , AeP+, 



where 

(1.1.6) = n (^"^^ ~ ^~"^^) n (1 ~ ^"'') 

is the Weyl denominator. Obviously, chL;j^ = e'^ + lower order terms. 

More generally, if y is a module from category O then we can define its character 
by the same formula chV = X^Aefi* dimy[A]e^. However, in this case it lies not in 
C[P] but in its completion C[P], which is defined as follows: 



(1.1.7) C[P] = {Y, dne^- 1 Mp, A„) = +oo}. 

In the following we will be especially interested in the case q = sin, i-c. the root 
system of type A^-i- In this case the root system and related objects admit the 
following explicit realization: 

r = {(Ai,...,An)|EAi = 0}cC"; 

R = {ei—ej}i^j, where Si is the standard basis in C": £j = (0, . . . , 0, 1, 0, . . . , 0) e 
Z"^ (1 in the i-th place); 
(A,/x) = EAi//i; 

cxi = Si — 

Q = = {(Ai, . . . , A^) C Z-| E A^ = 0}; 

P = {(Ai, . . . , A„) c iZ-| E A^ = 0, A, - A, G Z}; 

P+ = {(Ai, . . . , A^) c iZ-| E A^ = 0, A, - Ai+i G Z+}; 

/ n — 1 n — 3 l — n \ . 

y ~ \ 2 ' 2 2 ^' 

C[P] ~ {homogeneous polynomials in xf^, . . . ,x^^ of degree zero} (this isomor- 
phism is given by letting e'^* = Xi). 

Note also in this case X, iJ, & P, X < fj, with respect to the order on P we defined 
before implies that X ^ fj,, where -< is the lexicographic order on W^. 

Many results for the Lie algebra sin are also valid for (reductive) Lie algebra qI^ 
with suitable changes. Namely, the group algebra C[P] should be replaced by the 
algebra C[xi, . . . , a;„], P+ should be replaced by the set of all partitions in n parts, 
i.e. sequences (Ai, . . . , A^) such that A^ G Z^, Ai > A2 > ■ ■ ■ > A„ > 0, p should 
be replaced by (n — l,n — 2, . . . , 0) and Weyl denominator should be replaced by 
Vandermonde determinant ni<j(^i ~ ^j)- 
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1.2 Quantum groups 



In this section we briefly list the main definitions from the theory of quantum 
groups (see [Drl, J1,J2]). In this section aU the objects are considered over the 
ground field Cg = C((j^/^^), where q^^"^^ is a formal variable, and N = \P/Q\ (this 
will be justified below). 

Let R,R~^, .. be as defined in Section 1.1. Let us renormalize the inner product 
in 1^, introducing {x^y)' = m{x,y), where m is chosen so that {a, a)' = 2 for 
short roots. Thus, m can take values 1 (for simply-laced root systems), 2 (for 
root systems of type B, C, F) or 3 (for ^2)- This renormalization is quite standard 
in the theory of quantum groups. In this case di = ^"^'^^^ are positive integers 
such that dittij — djaji, where = 2{ai, aj) / {ai, ai) is the Cartan matrix, and 
g.c.d.{di) = 1. 

In this section we will identify f) and f)* using the form ( , )'; (this differs by a 
factor of m from the identification of the previous chapter!); then ct^ = dia)' , and 
therefore Q C Q^, P C P^. Since, by definition, for every A G P we have A^A G Q, 
this implies (A, fx)' G jjZ for every X E P, ^ E P, which is the reason why have 
chosen the ground field to be C((j^/^-^). 

Define the quantum group UqQ as an associative algebra over with generators 
Ci, fi, Q^i h G C ^, z = 1 . . . r and relations 

[eijj] = Si 



qdi _ q-di 



(1.2.2) 



[n],![l-a,,-n]/^"^'^ 

\ V / en £ ni-—o,ij—n PI 



^ [n]i\[l - aij - n]i 
where, as before, hi — and 

(1.2.3) H\i= \d- l-d- ^ [n]i\ = [l\i...[n]i. 

This is a Hopf algebra with the following comultiplication, counit and antipode: 
(1.2.4) 

Ae^ = ei® q-'^'^^''' + ^'^^'^^/^ ® a, Afi = fi® q''^'^'''' + ^'^^'^^/^ ® fi, 

Aq'^ = q^® q^, 

e{q^) = l,e{ei) = e{fi) = 0,5(e,) = -q'd^ei, S{fi) = -q""^ fi, S{q^) = q'^ 
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Often in the literature a smaller algebra is considered, which only contains q"' 
for h e ^Q^, in which case the definition is given in terms of generators Ki = q^^. 
Also, one can get many different forms by replacing our by q^'^^^^^'^Ci or replacing 
q by however, essentially all these definitions are equivalent (as long as they 
are over rational functions of q and not over formal power series). 

Many of the facts about Uq can be generalized to UqQ without difficulties. For 
example, UqQ has a polarization: UqQ = U'^ ■ U° ■ U~ . It also admits a (Cg-linear) 
Chevalley involution to which is defined by Cj h- > — /i, fi h- > — e^, q'^ ^-^ q~^'i this is 
an algebra automorphism and coalgebra antiautomorphism. We will also need the 
following property of this involution: 5*0; = ujS~^ . 

Similarly, the representation theory of UqQ is quite parallel to the classical case 
(see [LI]), the only difference being that all the representations must be considered 
as linear spaces over Cg. Namely, for every A e f)* we can define Verma module 
M\ in a way similar to that of Section 1.1. If A is not an integer weight, then 
this module should be considered as a linear space over the field of rational 

functions in g^/^^, ti = q^'^^'^i Again, each M\ has a unique (non-trivial) 

irreducible quotient L\, and Lx is finite-dimensional iff A G . Verma modules 
and all its subfactors (in particular, Lx) have weight decomposition, and character 
(and therefore, dimension) of Lx is the same as in the classical case. More generally, 
the same is true for the whole category O: every g- module from category O has a 
Qf- analogue. 

On each Mx one can define Shapovalov form ( , ) such that {xv, v') = (w , ujS{x)v'); 
this form is defined uniquely up to a factor, it is symmetric and its restriction to 
Lx is non-degenerate. 

Though it is not literally true that every finite-dimensional irreducible module 
is of the form La, it is almost so: if we restrict ourselves to consideration of the 
modules with weight decomposition: V = ^[A], g'^|i/[A] = q^^'^^ ldv[x] then, the 
category of such finite-dimensional representations of UqQ is equivalent to that of 
representations of 5 as a tensor category; in particular, every finite- dimensional 
representation is completely reducible, the only irreducible finite-dimensional rep- 
resentations are La, A e P"*", and La<8)L^ = N^^Ly, where the multiplicities N^^ 
are the same as in classical case. In this whole work we only consider representations 
with weight decomposition. 

However, there are several very important differences between the representations 
of UqQ and of q. First of all, we have a different notion of dual representation. 
Namely, for every finite-dimensional representation V of UqQ we define the action 
of UqQ on the space V* of linear functionals on V by the rule {xv* , v) = (v*, S{x)v) 
for f e V, f * G y*, X e UqQ, where S is the antipodc in UqQ. This endows V* with 
the structure of UqQ representation which we will call right dual to V . In a similar 
way, the left dual *V is the representation of UqQ in the space of linear functionals 
on V defined by {xv*,v) — (f*, S~^{x)v). Then the following natural pairings and 
embeddings are t/q£|-homomorphisms (warning: the order is important here!): 
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(1.2.5) 



Note that V* and *V, considered as two structures of representation of UqQ on the 
same vector space, don't coincide, but they are isomorphic. Namely, q~^'^ : *V — > 
V* is an isomorphism of C/g0-modules (recall that we identified () and [)* using the 
form ( , so 2p e Q C Q^). This follows from the relation S^{x) = q'^^xq'^P, 
which can be easily checked (it suffices to check it for the generators e^, fi). 

li V = Lx is an irreducible finite-dimensional representation, then so is V*: 



Second, unlike the classical case, if V, W are finite-dimensional representations 
of UqQ then V and W are isomorphic, but the isomorphism is non-trivial. 
More precisely (see [Drl]), there exists a universal R-matrix TZ which is an element 
of a certain completion of UqQ UqQ such that 



is an isomorphism of representations. Here P is the transposition: Pv®w — w®v. 
Also, it is known that TZ has the following form: 



where ai is an orthonormal basis in \) with respect to ( , )'. As we said, IZ does 
not lie in the tensor square of UqQ but in its certain completion; however, for any 
pair of finite-dimensional representations V, W of UqQ the operator ® T^wiJ^) is 
well-defined (this is where we need fractional powers of q in the definition of C^). 

Finally, if 1/ is a representation of UqQ let us consider the action of UqQ in V 
given by ttv^^x) — 7r(a;a;), where ui is the Chevalley involution defined above. We 
denote V endowed with this action by . One can easily check that if V is finite- 
dimensional then ~ *V (which is, of course, equivalent to saying that ~ ]/*): 
if ( , ) is Shapovalov form on V then x ®y ^ {x,y) is a homomorphism of UqQ- 
modules V(g)V ^ Cq. Note also that {V (g)W)'^ = W"^ (g)V and that if^:V 
is an intertwiner then $ is also an intertwiner considered as a map — > . 

In certain instances, the structure of UqQ is even simpler than that oiUQ. A good 
example is the following description of the center of UqQ, due to Drinfeld ([Dr2]) (a 
similar construction was independently proposed by N. Reshetikhin [R]). 

Theorem 1.2.1. 

(1) LetV be a finite- dimensional representation of UqQ. Define 




(1.2.6) 



Ry.^y = Po-Ky® 7^vK(7^): V ®W ®V 



(1.2.7) 



(e ® l)(7^*) = (1 ® e){n*) = 10 1, 



(1.2.8) 



cy = (Id (8) Try) {n^^n{l ® q-^P)) , 
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where 'R?'^ = P{n), P{x ® y) = y®x. Then cy is a central element in UqQ. 

(2) 

where f{q^^) for f G C[P] denotes the polynomial in q^^'^^ obtained by 

replacing each by g^^-^'^) . 
(3) The elements cl^, X e form a basis in Z{UqQ). 

Proof. (1) This is based on the following statement (see [Dr2]): if 6: UqQ —>■ Cq 
is such that 0{xy) = 9{yS'^{x)) then the element cg = {ld(E)0){7l'^^7V) is central. On 
the other hand, we know that S'^{x) = q~'^^xq^P , so 6{x) = Tr \ v{xq~'^P), where V 
is any finite- dimensional representation of C/gg, satisfies 9{xy) — 9{yS'^{x)). 

(2) Let vx be a highest-weight vector in Mx; let us calculate cyvx- Let w e V[iJ,]. 
Then (1.2.7) implies 

n^'^n{vx ®w)= q~'^^^'^^'vx ®w + ^v[®w[, 

where wt w[ < ji. Thus, CrVx = (X](dim V[iJ,])q~^^'^'^^' q~^^''''^^')vx, where the sum 

is taken over all the weights of V. 

(3) This is based on the quantum version of Harish-Chandra isomorphism. Name- 
ly, if C is a central element then it acts in Verma module Mx by some constant; 
denote it 7(C) (A + p). It is easy to see that 7(C) (A -|- p) can be uniquely written in 
the form f{q'^^'^) for some / G Cq[^P^]^. Moreover, it is known (see [T]) that 7 is 
an isomorphism Z{Uqg) ~ Cq[2P]^. Since characters of irreducible representations 
form a basis in Cg[P]^, we obtain the statement (3). □ 

Remark. Note that though TZ is defined only in some completion of UqQ®"^, the 
central elements we constructed belong to UqQ itself. 
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CHAPTER II 



GENERALIZED CHARACTERS 



This chapter is the heart of the whole dissertation. In this chapter we define 
for every g-intertwining operator $ a certain weighted trace x<s>: which we call 
generalized character, which is justified by the fact that if $ : y — > y is the identity 
operator then is the usual character of V. We also study basic properties of 
these characters: namely, we prove an orthogonality theorem for these characters, 
and show that they are eigenfunctions of a large family of commuting differential 
operators. We also describe the qf-analogue of these generalized characters, which 
is defined in a similar way, but g must be replaced with the quantum group UqQ. 

All of constructions of this chapter belong to the author, P. Etingof and in some 
part I. Prenkel, see [EKl, EK2, EK4, EFK]. 

2.1 Weighted traces of intertwiners and orthogonality theorem 

In this section we define the basic object of our study: the weighted traces of 
intertwining operators, which we call generalized characters. All the definitions 
and theorems of this section apply equally to the quantum group UqQ and 
the usual universal enveloping algebra Ug. To avoid unnecessary repetitions, 
we formulate all the results for UqQ; however, the reader should keep in mind that 
all of the statements also hold if one replaces UqQ by Ug, and by C. 

Definition 2.1.1. Let F be a Uqg-iaodule from category O, U - an arbitrary 
l/qQ-module with weight decomposition (not necessarily finite-dimensional), and let 
V V ^ U he a, non-zero intertwining operator. 
A generalized character x$ e C[P] C/ is defined by 



(2.1.1) 




In particular, if V is finite-dimensional then x$ e C[P] ® U. 



13 



Example. Let U = Che the trivial representation of UqQ, and let ^ : V ^ V 
be the identity operator. Then xid is the usual character of V, which justifies the 
name "generalized character" . 

For finite-dimensional V, we can consider these traces as functions on f) with 
values in U by the rule e^{h) = e^'^^'^'^'^\ This is equivalent to letting 

(2.1.2) x^{h)=TTv{^e^^'^), 

where e^'^^^ is an operator in V defined by e'^'^^^\v[x\ — e'^'^^^^'-^^ ldv[\]- 

Using the fact that $ preserves weight, it is easy to see that in fact x<i> takes 
values in the zero- weight subspace ?7[0]. Also, for V = L\, A G P"*" the highest term 
of x$ is we^ and the lowest term is u'e~^ for some u, u' G U . 

Note that in the quantum case (i.e., for UqQ rather than Uq) has no Weyl 
group symmetry if t/ is a nontrivial representation (see a counterexample in Theo- 
rem 4.2.2). 

Let us recall the well-known results on the orthogonality of (usual) characters. 
Let us introduce the (g-linear) bar involution in Cq[P] by — e~^, and let [ ]o : 
C[P] — > C be the constant term: [^CAC^jo = cq. Then it is known that characters 
of irreducible finite-dimensional representations of UqQ (which are the same as for 
g) are orthonormal with respect to the following inner product in C[P]: 

(2.1.3) (/,^)i = p^[/^A]o, 
where 

(2.1.4) /\ = 55= Wil-e'^). 

It turns out that a similar statement holds for generalized characters: 

Theorem 2.1.2. (Orthogonality theorem for generalized characters) Let IJ, ^ 
P'^ , and let U he a finite- dimensional representation of UqQ. Let ^\ : L\ ^ 
Lx ® U,^^:Li^ L^ <^ U be UqQ-intertwiners, and A 7^ /i. Then the general- 
ized characters Xi = X$a ' X2 = ^'"s orthogonal with respect to the following 
inner product: (/, (7)1 = j^[(/, ^)[/A]o; where (•,•)[/ is the Shapovalov form in U 
and all the other notations are as before. 

Proof. As was explained above, we can as well consider $^ as an intertwiner 
L^ — > U^ ® L'^. This implies that (xi, X2)u — X* (note the change of sign of h in 
the second factor!), where the intertwiner Lx® L^ ^ Lx® L'^ is defined as the 
following composition 
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(2.1.5) 





Id(g)(-,-)t7 8Id 




Since L\ ® = ^N,yLy, we see that {xijX2)u is a linear combination of 
usual characters chLi^. But since these characters are the same as for we know 
that |^[xi^A]o = 5i/,o- On the other hand, it is known that if X ^ /i then the 
decomposition of L\ (8) does not contain the trivial representation (i.e. A^o = 0); 
thus, in this case xi and X2 are orthogonal. □ 

Remark. Note that the calculation of the norm (x*)X*)i (which is trivial for 
[/ = C) in general case is very complicated, since it requires calculation of restriction 
of the intertwiner \1/ defined above to the trivial subrepresentation in L\ ^ L^. In 
some simplest cases (where the space of intertwiners is one-dimensional) it can be 
calculated explicitly (we will do it in Chapter 5), and the answer is quite non-trivial; 
it coincides with so-called Macdonald inner product identities for root system An, 



In this section we consider some properties of generalized characters for Ug, 
following the paper of Etingof [El] . In this section, the words "representation" and 
"intertwiner" stand for representation of g and g-intertwiner. In this section we 
always consider the case when V, U are finite-dimensional, though in fact all the 
results can be easily generalized (see remark in the end of this section). 

Let C[P](e" — l)"-*^ denote the ring of fractions ^, where f,g E C[P] and is a 
product of linear terms of the form — 1, cu e i?. Let us introduce the following 
ring of differential operators: 

DO = {differential operators on f) with coefficients from C[P](e'^ — 1)""^}- 

These operators can be also considered formally, as derivations of the ring of 
fractions C[P](e" — 1)~^. In particular, we will use the following differential oper- 
ators: 

Af, - Laplace operator in [) normalized so that A[,e^ = (A, A)e''^; 

da, q: e f)* - differentiation along the vector -^^ha, so that daC^ = {a, X)e^. 

Theorem 2.2.1. Let us denote by I the left ideal in Ug generated by f). Then 

for any u G Ug there exists a unique differential operator G DO® Ug/I, such 
that for any intertwiner ^ -.V ^ V ®U we have 



see [M2]. 



2.2 Center of Ug and commuting differential operators 



(2.2.1) 



Try($we2'^"^) = L»„Tr^.($e2'^''*). 
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Note that Dy^f is well defined for any function f with values in U[0] . 

We do not give the proof of this theorem (which can be found in [El]) here, 
since the proof is quite similar to the proof in the g-case, which we give later (see 
Theorem 2.3.1). The main idea of the proof will be quite clear from the example of 
Casimir element, which we discuss below. 

Corollary 2.2.2. Let c be a central element: c G Z{Ug), V,U be finite- 
dimensional representations ofg such that c acts in V by multiplication by a constant 
c{V), and ^ : V ^ V <^U be a non-zero intertwiner. Then the generalized character 
X$ satisfies the following differential equation 

(2.2.2) L»eX* = c{V)x^, 

where the differential operator Dc is defined in Theorem 2.2.1. 

Proof. Let us consider f(h) = Tryi^ce^'^^^). On one hand, since c acts by 
multiplication by c{V), we see that f{h) = c{V)x^{h). On the other hand, by 
Theorem 2.2.1, f{h) = D^x^. □ 

In general, u i— > D^^ is not an algebra homomorphism. However, it becomes a 
homomorphism when restricted to the center: 

Theorem 2.2.3. Let us keep the notations of Theorem 2.2.1. Let c,c' e Z{Uq). 
Then Dec' = DcDcj ; thus, c>—>^Dc is a homomorphism Z{Uq) — >• DO® Uq/I. 

Proof. By definition, Dcc'X^ = Tr($cc'e^'^^'*). On the other hand, since c 
is central, $c is also an intertwiner, and therefore we can write Tr($cc'e^'^^^) = 
Dc'X^c = Dc'DcX^. 

Let us apply the construction of Theorem 2.2.1 to the Casimir element C defined 
in Section 1.1. In this case the answer can be written down explicitly: 

Proposition 2.2.4. 

(1) Let C be the Casimir element. Then 

(2.2.3) = A, - 2 5: - E 

= S-' o (a, -2 E - (P,P)) o6, 

where 5 is Weyl denominator. 

(2) Let ^ : L\ ^ Lx®U be an intertwiner. Then the corresponding generalized 
character x$ satisfies the following equation: 
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Proof. Recall that the Casimir element was defined by: C = J2a&R+i^otfa + 
fa^a) + Yl^h where e Qa, fa e 0-a are such that (cq, /„) = 1, and xi is an 
orthonormal basis in 1^ with respect to ( , ). Therefore, (1) follows from the following 
identities: 



(2.2.5) IV,.($(J]xf)e^-'^) = At,x*, 



2nih\ _ ^afa 6 



a 



(2.2.6) TM^e^fae^-') = " _;-a/2)2 X^ - i^i^^.X*, 

(2.2.7) TYv^($/«e«e-^^) = -^-^J^^-^^^^ - ^d^x^. 

The first of these identities is immediate corollary of the definition of Let 
us prove the second one. Denote X = Trvi^eafa^^^^^)- Then, using the identities 
= (1 (g) Ca + Ca (g) 1)$, e'^'^'^Ca = e^'''^'*'''^ CaC^''"' and the cyclic property of the 
trace, we can write: 

X = Trvi'^e^Ue^''"') = e« Tr{<^Ue^^"') + Tr($/«e2-^«) 
=e^ Tr($/^e2^^'^) + e^'^^^"''^^ Tti^f^e^e^'"'^) 
=e« Tri^Ue^^"') + Tr($(e,^ - /ta)e2-^) 
=e, lV($/,e2-'^) + e"(X - a«x*), 

(recall that e" denotes both the element of C[P] and a function on f) given by 
e«(/i) = e^'^^^'*''*)). Therefore, 



Similar arguments show that 



TV($/,e^-'^) = :-^X*, 

which gives us (2.2.6). Proof of (2.2.7) is quite similar. 

This proves the first identity in (1); the second identity can be checked by direct 
calculation or deduced from Proposition 3.1.1 (see below). 

(2) obviously follows from (1) and Corollary 2.2.2 along with the fact that C\lx = 
(A,A + 2p). 

Example. Let U = C he the trivial representation, $ = Wl^- Then Proposi- 
tion 2.2.4 implies that the character chL;^ satisfies the following equation: 



(2.2.8) 



A{6chLx) = {X + p,X + p)6chLx; 

17 



in particular, 



(2.2.9) A5=(p,p)5. 

These equations are well-known and have a nice geometric interpretation - as 
the heat equation on the compact Lie group G associated with q. 

Remarks. 

(1) Note that the theorems of this section can be easily generalized to the case 
when V is from category O. In this case, we must consider the differential 
operators with coefficients from the ring C[P]: since for o; e R~ , (1— e")"-*^ = 
1 + e'^ + e^°' + . . . converges in C[P], there is no need to extend this ring. 

(2) The equations (2.2.3), (2.2.4) are special cases of the formulas for radial 
part of Laplace operator in the theory of //-special functions, due to Harish- 
Chandra (see [W, Chapter 9]). We discuss the relation between generalized 
charcters and spherical functions in Section 2.4 below. 



2.3 Center of Uqg and difference operators 

In this section we discuss the analogue of the construction of Section 2.2 in the 
g-case. The construction is quite parallel to the classical case, but the differential 
operators should be replaced by difference operators. In this section, the words "rep- 
resentation" and "intertwiner" stand for representation of UqQ and C/q0-intertwiner, 
and the ground field is the field of rational functions in q^/"^^ (see Section 1.2) 

Introduce the following ring of difference operators, acting on the functions / e 

DOq = {D = ^ CLaTal almost all Cq, = 0}, 

where T^e^ = q^'^^^'^e^, and e Cq[P]{q'^e'^ - 1)~^ are fractions of the form 
^, /, (7 G Cq[P] such that ^ is a product of factors of the form q'^e^ — 1 for some 
fj, & Q,m e Z. 

Note that if we consider elements of Cg[P] as functions on [) then Tq, can be 
rewritten as follows: (Tq,/)(/i) = f{h + a^^ff ); however, to avoid difficulties with 
proper definition of logg when g is a formal variable, we prefer not to use this 
language and by "function" we always mean an element of Cq[P] (or a its field of 
fractions). However, to simplify the notations we sometimes will write the general- 
ized character as Tr($e^^''') meaning by this the element of Cg[P] defined by 
(2.1.1). One can check that in fact all our arguments can be carried in this formal 
language. 

As in the previous section, let V, U be finite-dimensional representations of Uqg. 
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Theorem 2.3.1. Let I be the left ideal in UqQ generated by q"- — 1. Then for 
any u G UqQ there exists a unique difference operator Du G DOq ® UqQ/ 1 such that 
for any intertwiner ^ : V ^ V ^U we have 



(2.3.1) Trvi^ue'^'''^) = Tryi^e^'''''). 

Again, D^f is well defined for any function f with values in U[0] . 

Proof. Without loss of generality we can assume that u is a monomial in the 
generators Cj, /i, q^ of the form u = u~u^u^ ^ e U^,u^ G Define sdeg u = 
deg u'^ — deg u~ , where deg Cj = — deg /j = 1. We prove the theorem by induction 

in sdeg u. 

If sdeg u = then u — vP — q"" for some a G ■ Then it follows immediately 
from the definition that D„ = T^, so the theorem holds. 

Let us make the induction step. Assume that sdeg m > 0; then either deg u'^ ^ ^ 
or deg u~ ^ 0. We can assume that u~ G G — Q"*", A* 7^ 0. 

Since $ is an intertwiner, T]:{<^u~u^u^e^'^^^) = Tr(A(w~)$M°w.+e^'"''). From the 
definition of comultiplication one easily sees that A(ti~) = u~ ® q^/"^ + ^Uj ® Vj 
for some Uj,Vj G U^U~ such that sdeg {ujUqu'^) < sdeg u. Thus, 

Tr(W'^^'*) = 5^/2 Tr($«%+e^'^^'^«-) + J]^;,- Tr{^u\+e'^'''%). 

Since commuting with e^^''^ does not change sdeg Uj, by the induction assump- 
tion we can write 



Tr($ue2^^'^) ^q^/^ Tr{<^u\+e^'''''u-) + D' Tri'^e^'''^) 

^^(M,M)72gM Tr{^u%+u-e'^'''^) + D' Tri^e^""'^) 

for some D' G DOq (8> UqQ. Since sdeg of all terms in is less than 

sdeg u~u^u'^, we can again apply induction assumption and get 

ItrW'^^'^) = , £)^^Tr(^e^^'^). 

This proves the existence part of the theorem. Uniqueness follows from the 
following lemma: 

Lemma 2.3.2. Let us fix a finite- dimensional UqQ-module U . Suppose that D G 
DO ® Hom(L^[0], U[iJi]) is such that for any UqQ-intertwiner ^ : V ^ V ®U,V - 
finite- dimensional UqQ-module we have Dx* = 0- Then D = 0. 

Proof of the lemma. Let us assume that D ^ 0. Multiplying D by a 
suitable element from Cq[P] we can assume that D has polynomial coefficients: 
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D = ^x^p e D(\), D^x) being difference operators with constant matrix- valued 
coefficients. Let us take tfie maximal (with respect to the standard order in P) 
X such that -D(a) 7^ 0. Then if we have a generalized character x such that 
X = e^u + lower order terms then, taking the highest term of Dx, we see that 
D(^x){^^u) = 0. On the other hand, if we take such that (^t, ^ then for 
every u e U[0] there exists a non-zero intertwiner — > Lfj,®U such that the 
corresponding generalized character has the form = e^u + lower order terms. 
Thus D(A)(e^ti) = for all /U ^ 0, tt G U[Q]. It is easy to show that it is only 
possible if D(^x) — 0; which contradicts the assumption D(^x) 7^ 0- D 

Proposition 2.3.3. Let us keep the notations of Theorem 2.3.1. Then Dc 
is an algebra homomorphism of Z{UqQ) to DOq ® UqQ[Q\/I. 

Proof. The same as in the classical case (Theorem 2.2.3) 

Unlike the classical case, in the quantum case we have an explicit construction of 
central elements (see Theorem 1.2.1). Applying the previous construction to those 
central elements, we get the following theorem: 

Theorem 2.3.4. Let V he a finite- dimensional representation ofUqQ, cy - the 
corresponding central element in UqQ {see Theorem 1.2.1), and D^y - the corre- 
sponding difference operator constructed in Theorem 2.3.1. Let ^ : Lx ^ Lx <S> U 
be a UqQ-intertwiner, and x^~ the corresponding generalized character. Then x$ 
satisfies the following difference equation: 

(2.3.2) L»evX* = chF(?-2(^+^))x$. 

Proof. The same as in classical case (see Corollary 2.2.2); the value of cy in 
Lx is taken from Theorem 1.2.1. 

Remark. As in the classical case, all the constructions of this section can be 
easily generalized to the case where V is an arbitrary module from category O. 

2.4 Generalized characters as spherical functions 

In this section we show that generalized characters for q can be interpreted as 
spherical functions on the space G xG/G. The constructions of this section are due 
to the author, I. Frenkel and P. Etingof (sec [EFK]). 

As before, let g be a simple Lie algebra over C, and let G be the compact real 
simply connected Lie group corresponding to q. It is known that every finite- 
dimensional complex representation of g can be lifted to G. Also, it is known that 
every finite-dimensional representation V of G is unitary: there exists a positive 
definite hermitian form { , )v on V such that {gvi, gv2)v = {'^i,V2)v- 

Let us fix some finite-dimensional representation U of q. Let C°°{G,U) be the 
space of all smooth functions on G with values in U. We can define a (hermitian) 
inner product in C°°{G, U) by 
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(2.4.1) (/i,/2)= / {fi{9)j2{9))udg, 

JG 

where ( , )u is the inner product in U and dg is the Haar measure on G. It is easy 
to see that the inner product defined by (2.4.1) is positive-definite. We denote by 
L^(G, U) the closure of the space C°° {G, U) with respect to the norm || / 1| = a/ (/, /). 

Definition 2.4.1. A function / e C°°(G, t/) is caUed equivariant (notation: 
/ e C°°{G, U)^) if for every g,x eG we have 

(2.4.2) f{gxg-') = gf{x). 
The same apphes to / e L?{G^ U). 

This definition can be rewritten as foUows. Let us consider the group G xG, and 
let Gd C G X G be the diagonal subgroup. Consider the functions f : G x G ^ U 
such that for every k e Gd,x e G x G we have 

f(xk) = fix), 

^ ' ' ' fikx) = kfix). 

This is a special case of what is called /x-spherical functions (see [W]) on the 
group G X G with respect to the subgroup Gd- On the other hand, it is easy to see 
that 

fix.y) ^ f{xy~'^) 

establishes isomorphism between the space of spherical functions on G x G/Gd de- 
fined by (2.4.3) and the space of equivariant functions in the sense of Definition 2.4.1. 

Here is yet another description of the same space. Let / e C°°(G, C/)*^, and let 
u E U*. Define a complex-valued function on G by fu{g) = {u,f{g)). Define the 
action of G on scalar functions on G by {Tgf){x) = f{g~^xg). Then it is easy to 
see that Tg/„ = and thus satisfies the following condition: 

(2.4.4) 

Under the action of G defined above, /„ spans a finite-dimensional subspace 
in C°°{G), and as a representation of G, this space is isomorphic to U*. 

Vice versa, it is easy to see that every scalar function on G satisfying the condition 

(2.4.4) can be obtained as fu{g) for some / G C^{G, Uf,ue U*. 

Now, let y be a finite-dimensional representation of G and let ^ : V V ^ U 
he a G-inter twiner. Define coresponding generalized character x$ G C°°{G, U) by 

(2.4.5) xM-T^vi^y)- 

Note that for g = e^'^''* this coincides with the previously given definition of the 
generalized character (see (2.1.2)). 
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Lemma 2.4.2. 

(1) For every intertwiner ^ : V ^ V , the generalized character x$ defined 
by (2.4.5) is equivariant: x<s> G C°^{GjU)'~^ . 

(2) Assume that V is irreducible. Then x$ = = 0. 

Proof. (1) is quite trivial: 

Trv{^gxg~^) = Tr{{g ® g)^xg~'^) = gTr{^x). 

(2) Let us consider on the maximal torus, i.e. on the points of the form 
g27ri/i^ /i G [)r. As was explained in Section 2.1, we can as well consider it as an 
element of C[P] (8) U, and = as a function on f) iff x* = as an element 
of C[P] ® U. Let v\ be a highest-weight vector in V. Then ^vx = v\ ^ uq + 
lower order terms for some uq G U[0]. It is known that = iff $ = 0. On the 
other hand, x* = C8> + lower order terms, which proves the theorem. □ 

Let A G P"*". Recall that Lx is the irreducible highest- weight module over g 
with highest weight A, which in this case is finite-dimensional and thus can be 
considered as a module over G. Let Hx — Home (Pa, Lx U) (note that this space 
is finite-dimensional). Due to Lemma 2.4.2, we have an injective map 

Hx^C^iCUf :^^X^- 
We will denote the image of Hx in C°°{G, U)'^ also by Hx- 
Theorem 2.4.3. 

(1) For A 7^ /U, Hx and are orthogonal with respect to the inner product in 
C°°{G,U) {see (2.4.1)). 

(2) 

L\G,Uf= Hx. 

\€P+ 

(direct sum should be understood in the sense of Hilbert spaces). 

We refer the reader to [EFK] for the proof of this theorem. 

Example. Let U = C he the trvial representation. Then Theorem 2.4.3 coin- 
cides with well-known Peter- Weyl theorem. 

Finally, since the conjugacy classes in G are the same as VT-orbits in the maximal 
torus 

(2.4.6) T = exp(i[)iR)~ W<5'', 1)k = 0Ma,^, 

it is easy to see that every equivariant function on G is uniquely defined by its 
values on T. More precisely, we have the following isomorphism: 

(2.4.7) C°°{G, Uf ~ C°°(T, U[0])^, 
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i.e. functions on T with values in t/[0] satisfying f{wt) = wf{t) for every element 
from the Wcyl group. 

Thus, restriction of the inner product defined by (2.4.1) to the space of equivari- 
ant functions can be rewritten in terms of integral over T. The answer is given by 
the following theorem: 

Theorem 2.4.4. ///i,/2 e C'^{G,U)^ then 



(2.4.8) (A, h) = ^ l^ihit), f2{t)hSSdt, 

where, as before, dt is the Haar measure on T, {, )u is the inner product in U , and 
5 is the Weyl denominator: 

and 5 is the complex conjugate of 5. 

Remark. Again, in the case t/ = C this theorem is well known; it was first 
proved by H. Weyl. 

Proof. It is very easy to check that the scalar function il){g) = (/i(^), f2{g))u 
is conjugation invariant. Thus, the theorem is reduced to the following statement: 
for every central function ip on G, we have 

jj{g)dg=^^j^m5'5dt, 

which is well-known (essentially, this is the result of Weyl we referred to above). □ 

Note that this theorem along with the orthogonality statement of Theorem 2.4.3 
gives a new proof of the hermitian version of the orthogonality theorem for gener- 
alized characters for q (Theorem 2.1.2); of course, these arguments wouldn't help 
in the g-case. 

Also, using the description of the space of equi variant functions as scalar- valued 
functions on G transforming under the conjugation as U* (see (2.4.4)), it is easy to 
see that every conjugation-invariant scalar differential operator D on G defines an 
operator in C°°{G, U)'^ , acting by a scalar in every H\ (see details in [EFK]). Since 
the space of such operators is isomorphic to {Uq)^ — ^{Uq), this gives a natural 
action of Z{Uq) by differential operators on C°°{G, U)^ . Using the isomorphism 
(2.4.7), we can rewrite this action in terms of differential operators on T with coef- 
ficients from End C/[0] (this operation is often referred to as "taking the radial part 
of the Laplacian" ) . It can be easily shown that the differential operators appearing 
in this way coincide with those constructed in Theorem 2.2.1. In particular, the 
operator Dq given by (2.2.3) is exactly the radial part of the second order Laplace- 
Beltrami operator Aq. We refer the reader to [EFK] for more detailed information. 
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Note that it would be quite difficult to calculate this radial part by geometrical 
arguments, whereas the algebraic approach makes it very simple. 

Again, we note that the radial part of the Laplace operator has been calculated 
in more general situation by Harish-Chandra (see [W, Chapter 9]), so (2.2.3) can 
be deduced from his results. 
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CHAPTER III 



JACOBI POLYNOMIALS 



In this chapter we show that in some special cases the generahzed characters for 
the Lie algebra sin coincide with so-called Jack polynomials, which were studied by 
Heckman and Opdam (see [HO, 01, HI, H2]). These results are due to the author 
and Pavel Etingof (see [EK2, EK4]). In fact, Heckman and Opdam defined and 
studied analogues of these polynomials for arbitrary root systems; they called them 
Jacobi polynomials associated with a root system, the reason being that for q — SI2 
these polynomials coincide with so-called ultraspherical (Gegenbauer) polynomials, 
which are a special case of Jacobi polynomials. In this chapter we only consider 
classical case, i.e. representations, intertwiners and generalized characters for g 
rather than for UqQ. 

3.1 Jacobi polynomials and corresponding differential operators 

In thie section we give definition and main properties of Jacobi polynomials 
associated with an arbitrary reduced irreducible root system R, following papers of 
Heckman and Opdam. 

Recall (see Chapter 2) that C[P] denotes the group algebra of the weight lattice, 
and C[P](e" — is the ring obtained by adjoining to C[P] the expressions of 
the form (e*^ — l)~^,a e R. Note that the elements of C[P] may be considered as 
functions on I) by the rule: e°'{h) = e^'^'^"''*^ Under this identification elements 
of C[P](e" - become functions on the real torus T = i)m/Q'^,i)m = ®M.a^ 
with singularities on the hypersurfaces e°'{h) = l,a e R. However, we will use the 
formal language as far as possible. Abusing the language, we will call elements of 
C[P] polynomials, and elements of C[P]^ symmetric polynomials. Similarly, we 
will talk of divisibility of polynomials meaning divisibility in the ring C [P] . 

Recall also (see Section 2.2) that we denote by DO the ring of differential opera- 
tors in f) with coefficients from C[P](e" — again, they can be treated formally 
as derivations of the ring C[P](e" — In particular, for every a G [)* we defined 

da so that d^e^ — (A, Q:)e^ and the Laplace operator Ap, so that A(,e^ = (A, A)e^. 

Through this whole chapter, we fix some positive integer k. 

Consider the following differential operator 
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This operator for the root system was introduced by Sutherland ([Su]) and for 
an arbitrary root system by Olshanetsky and Perelomov ([OP]) as a Hamiltonian 
of an integrable quantum system. We will call L the Sutherland operator. 

As before, let 6 be the Weyl denominator defined by (1.1.6). 

Define the following version of the Sutherland operator: 

(3.1.2) Mk = S-\Lk-k\p,p))S\ 

Proposition 3.1.1. ([HO]) 
(1) 

(3.1.3) Mk = Ai,-kJ2 = At,-2kJ2 rr^^« + 

aGfl+ a€R+ 

(2) Both LkjM}^ commute with the action of the Weyl group. 

(3) Mk preserves the algebra of symmetric polynomials C[P]^ C C[P](e" — l)"-*-. 

Proof. We do not give the proof of (1) here, referring the reader to [HO]. 
Note that the proof involves some non-trivial statement about the root systems, 
which we will discuss later in the proof of the affine analogue of this statement 
(Theorem 7.1.2). 

(2) is obvious, and (3) immediately follows from (1). 

Recall (see 1.1.1) that we denoted by mx the basis of orbitsums in C[P]^: m\ = 
Lemma 3.1.2. 

(3.1.4) MfemA = (A, A + 2A;p)mA + ^ cx^m^. 

At<A 

Proof. Explicit calculation. 

Now we can consider the eigenfunction problem for M^. Let us consider the 
action of in the finite-dimensional space spanned by with < A. Then the 
eigenvalue (A, A + 2/cp) has multiplicity one in this space due to the following trivial 
but very useful fact: 
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Lemma 3.1.3. Let X, /i e P'^ , ii< X. Then + p,ii + p) < (X + p,X + p). 
Thus, we can give the following definition: 

Definition 3.1.4. Jacobi polynomials Jx,X e P+ are the elements of C[P]^ 
defined by the following conditions: 

(1) Jx = mx+ Yl c\^rn^. 

(2) MfcJA = (A,A + 2A;p)JA. 

Due to Lemma 3.1.3, these properties determine J\ uniquely. Note that this 
definition is valid for any complex k, and components of J\ are rational functions 
of A;. 

Let us introduce an inner product in C[P]^. Let 

(3.1.5) (/,^>o = ^[/^]o, 

where, as in Section 2.1, [ ]o is the constant term of a polynomial, and the bar 
involution is defined by = e~^. More generally, let 

(3.1.6) {f,9)k^{fS\g6%. 

Note that for = 1 this definition coincides with previously given (2.1.3). 

Lemma 3.1.5. Mk is self-adjoint with respect to the inner product (■, ■)k- 

Proof. This is equivalent to L/, being self-adjoint with respect to the inner 
product (•, •)o7 which is obvious. 

Corollary 3.1.6. {J\,J^j)k = if X < /i. 

In fact, one has a stronger result: 

Theorem 3.1.7. ([01]) (Ja, J^)^ = z/ A ^ 

We will prove this theorem for the root system in the next section ~ see 
Theorem 3.2.4. 

In fact, the operator can be included in a large commutative family of dif- 
ferential operators. Define 

(3.1.7) D = {D e DO\D is W^-invariant, [D, Mk] = 0}. 
Then we have the following theorem: 
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Theorem 3.1.8. 



(1) Every operator D G D preserves the space <C[P]^ , and J\ is a common 
eigenbasis for the action o/D in C[P]^ : there exists a map 7 : D ^ (Si))^ 
such that 



(3.1.8) i^JA =7(^)(A + M•^A• 

(2) 7 is an isomorphism © ^ (Sl))^ . 

We do not give the proof of this theorem here, referring the reader to the above 
mentioned papers of Heckman and Opdam (in fact, for the root system this 
theorem was known before). However, we note here that part (1) is relatively easy, 
and so is injectivity of 7; the difficult part is to prove surjectivity, or to construct 
7~^. Again, we will reprove it by representation-theoretic methods for the root 
system An in the next section. 

3.2 Jack polynomials as generalized characters 

In this section we show that one can get Jacobi polynomials for the root system 
An-i, in which case they are also known under the name "Jack polynomials", as 
generalized characters. This construction is due to the author and Pavel Etingof 
([EK2, EK3]). In this section, we only consider the case q = sin- 

Recall that we have fixed a positive integer k. Define the representation U = Uk-i 
(which we will later use to define the generalized characters) as the irreducible 
representation of sin with the highest weight {k — l)nuji; it can be described as the 
symmetric power of the fundamental representation: 

(3.2.1) U = 5^'=-i)'^C". 

In other words, U can be identified with the space of homogeneous polynomials 
in xi, . . . , Xn of degree {k — l)n. The action of sin is given by the following formulas: 



hi I— > Xidi — a; i -1-1 9^-1-1, 



(3.2.2) 

where ft = 

It is very important for us that all weight subspaces of U are one- dimensional. In 
particular, the same is true for U[0]] we fix an element uq = {xi . . .Xn)''~^ £ ^[0]) 
which allows us to identify 

(3.2.3) U[0] ~ C : uq^I. 

Also, we will use the fact that 

ea/a|[/[0] = - 1) Id!7[0] • 
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Lemma 3.2.1. Let X G P"*". A non-zero sln-homomorphism ^: Lx ^ Lx <S) U 
exists iff X — {k — l)p & ; if it exists, it is unique up to a factor. 

Proof. Standard exercise. 

For brevity, from now on we use the following notation: 

(3.2.4) = A + (/c - l)p. 
For every A e P"*" fix an intertwiner 

(3.2.5) $A : Lxk ^ Lxk®U 

by the condition ^x {'^x^ ) = '^x'^ ®uq + lower order terms, where Vxk is the highest 
weight vector in Lx^. 

Define by ipx the corresponding generalized character: 

(3.2.6) (^A = X*x=TrL,.(*Ae'"''^). 

It takes values in the space ?7[0]; since this space is one-dimensional, we can 
identify it with C using (3.2.3) and consider ipx as scalar-valued function. Under 
this identification, tpx has the following form: (fx — e^'^^^~^^P + lower order terms. 

Proposition 3.2.2. 

(3.2.7) ^Q = 5^-\ 

The proof of this proposition will be given later in a more general case (see 
Proposition 4.2.2). 

Now we can prove the main theorem of this section: 

Theorem 3.2.3. Let fx^X G be the generalized characters forsi^ defined 
by formulas (3.2.6), (3.2.7). Then ipx is divisible by ipQ, and the ratio ipx/fo is the 
Jack polynomial Jx {see Definition 3.1.4). 

Proof. Let us first prove that ipx is divisible by ipo, and the ratio is a symmetric 
polynomial with highest term e'^. Consider the tensor product V = Lx <^ L(fc_i)p. 
It decomposes as follows: V = Lx+(k-i)p + S^<a Consider the 
intertwiner $ = Id^^ '■ V ^ V^U. On one hand, it follows from the definition 
that x<i> = chL^ ■ ipo, where chL^ is the (usual) character of Lx- On the other 
hand, the decomposition of V implies that x$ = V'a + S^<a '^a^V'm' ^^^^ 
fx/fo = chLA + X]|x<A '^XixVu/Vo- Since ch Lx is a symmetric polynomial, it follows 
by induction in A that ^px/vo is also a symmetric polynomial. 
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Let us prove that ^p\/(pQ satisfies the equation Mk{^x/^o) = (A, X+2kp){(fix/(fio). 
Since (po = 5'^~^ (see Proposition 3.2.2), this equation is equivalent to 

(3.2.8) Lk5^x^ {^ + kp,X + kp)5ipx. 

On the other hand, recall that we have proved in Section 2.2 that the general- 
ized characters are eigenfunctions of a certain differential operator Dc which was 
obtained from the Casimir element C. Comparing the expressions (2.2.3) for Dc 
and (3.1.1) for L^, we see that 

(3.2.9) Lk = So7Tu{Dc)oS-\ 

since e^faUQ = k{k — l)uo. Therefore, (3.2.8) immediately follows from the differ- 
ential equation for generalized characters derived in Proposition 2.2.4. □ 

This immediately implies the orthogonality of Jack polynomials: 

Theorem 3.2.4. If Jx are Jack polynomials then 

(3.2.9) {Jx,J^.)k^O ifXy^p. 

Proof. It follows immediately from Theorem 3.2.3 and the orthogonality theo- 
rem for generalized characters (Theorem 2.1.2). 

Thus we have reproved by representation-theoretic arguments the orthogonality 
theorem 3.1.7 for Jacobi polynomials for the root system An-i. Note that the proof 
given by Heckman and Opdam uses transcendental (i.e., not algebraic) methods; 
the representation-theoretic approach outlined above gives probably the simplest 
proof of this fact. On the other hand, assuming (3.2.9) we could give an alternative 
proof of Theorem 3.2.3 - using the orthogonality theorem for generalized characters 
rather than the differential equation satisfied by them. We will use this approach in 
the next chapter, where we discuss qf-analogue of Jacobi polynomials - Macdonald's 
polynomials. 

Our construction also allows one to construct differential operators commuting 
with Mfc. Namely, it follows from Theorem 2.2.3 that the operators of the form 
D = 5~^'^~^^7ru{Dc)5'^~^, where c e Z{Uq), commute with each other (and thus, 
with Mfc, which can be obtained from the Casimir element) and are VF-invariant. 
This means that the map 

Z{Ug) ~ (S-f))^ ^ D : c ^ 5-^''-^\u{Dc)S''-^ 

is the inverse map to the map 7 defined by (3.1.8). This proves (for the root system 
An-i) surjectivity of 7, i.e. the difficult part of Theorem 3.1.8 on the structure of 
D. 
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CHAPTER IV 



MACDONALD'S POLYNOMIALS 
AND GENERALIZED CHARACTERS 



In this chapter we develop g-analoguc of the constructions of Chapter 3. We de- 
fine the g-analogue of Jacobi polynomials, called Macdonald polynomials, and show 
that in some special cases the generalized characters for the quantum group UqSln 
coincide with Macdonald's polynomials for the root system An-i- This construction 
is due to the author and Pavel Etingof [EK2] . 

In this chapter, the words "representation" etc. always stand for representation 
of the quantum group UqQ. 

4.1 Definition of Macdonald's polynomials 

In this section we give the definition of Macdonald's polynomials for reduced 
irreducible root system, following [M2]. 

We preserve the notations of Chapter 1. Consider the algebra of VF-invariant 
polynomials C[P]^. The main goal of this section is to construct a basis in 
Cg,t[P]^, where Cg,t = ^(g, is the field of rational functions in two indepen- 
dent variables g, t. Unless otherwise stated, in this section "polynomial" will stand 
for an element of C^^^fP], and divisibility will stand for divisibility in this ring; 
similarly, elements of Cq^t[P] will be called symmetric polynomials. 

Recall (see (1.1.1)) that we denoted by m\ the basis of orbitsums in C[P]'^: 
TOA= E e'^,AeP+. 

Theorem 4.1.1. (Macdonald) 

There exists a unique family of polynomials P\{q,t) e Cg,t[P]^, A e P"*" such 
that 

(1) P\^mx + Y.^,<\C\^,m^. 

(2) These polynomials are orthogonal with respect to the following inner product 
on Cg,t[P]; 

(4.1.1) (/,^).,t=yj^[/^A,,,]o, 
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where, as before, the bar involution is defined by e'^ = e ^, [ ]o is the 
constant term: ['^cxe^]o = cq, and 

= n n T^hh- 

aeRm=0 ^ 

These polynomials are called Macdonald's polynomials (our notation slightly 
differs from that of Macdonald: what we denote by Px{q, t) in the notations of [M2] 
would be Pxiq^.t^)). 

Remark. In fact, for non simply-laced systems there this theorem can be gen- 
eralized, allowing different variables ta for roots of different lengths; see [M2] for 
details. 

It is often convenient to consider Macdonald's polynomials for t = q^^k E Z_|_ 
(see examples below). In this case, Macdonald's polynomials lie in C(q')[P]; we will 
write ( , )fc instead of ( , )q^qk, etc. (note that it agrees with Definition 3.1.6 for 
q = 1). However, most of the properties of Macdonald's polynomials obtained for 
t = q^ can be generalized to the case when q, t are independent variables. Abusing 
the notations, we will sometimes say "t = g^^. A; is an independent variable" instead 
of saying that g, t are independent variables. 

Example. 

(1) For /c = 0, we have Pa = "^x independently of q; for A; = 1, P\ = chL^ - 
also independently of q. 

(2) In the limit g, t 1 so that t = q^ Macdonald's polynomials tend to Jacobi 
polynomials introduced in Section 3.1, which follows from Theorem 3.1.7. 

For the case = 5[„ (that is, when R is the root system of type An-i), one 
can slightly modify the above definition and define Macdonald's polynomials for 
the as a basis in C[xi, . . . , Xn]^" labeled by the partitions A. We will keep the 
same notation P\{x] q,t) for these polynomials. In this form they were introduced 
in [Ml]. 

For the root system A^-i the polynomials P\{x; g, t) can be defined in a differ- 
ent way; namely, they can be defined as the eigenfunctions of a certain family of 
commuting difference operators. Recall that we have identified C[P]^ for the root 
system An-i the space of with symmetric polynomials in x^^ ^ . . . ,x^^ of degree 
zero (see end of Section 1.1). Let us define the following operators acting in C[P]^: 

(4.1.3) M. = r(— ) iW'^^^W^^ 

\I\=r 3^1 
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where {Tq2^J){xi, . . . ,Xn) = f{xi,... ,q^Xi,... ,Xn), Tq2j = Uiei'^i^A ^ 

1 ■/ It is not too difficult (though it is not quite obvious) to show that these 

operators preserve the space of symmetric polynomials. Note that since the total 
degree is zero, M^f — f for every / G C[P]^, and any difference operator acting 
in polynomials in xi, . . . ,Xn is defined by its action in C[P]^ uniquely up to a 
multiple of M^. We could consider the case of rather then sin thus replacing 
C[P]^ by C[xi, ...,Xn]^^; then aU Mi act non-trivially. Let us, however, stick to 
the sin case. 

Theorem 4.1.2. (Macdonald) 

(1) [M„M,] =0. 

(2) Mr is self-adjoint with respect to the inner product (•, ■)q,f 

(3) MrPx{x;q,t) ^ clPx{x;q,t), and 

|/|=r i€l 

where pi = '^+^~^^ (^see end of Section 1.1). 

This characterization of Macdonald's polynomials is analogous to the definition 
of Jacobi polynomials as eigenfunctions of the commuting family D of differential 
operators given in Chapter 3. In fact, one can show that any differential operator 
D e D can be obtained as a certain linear combinations of coefiicients of expansion of 
Macdonald's difference operators Mi in powers of (g— 1). However, these expressions 
are rather messy; we will return to this relation later (see remark at the end of the 
next section). 

We also note (though it is not relevant for our purposes) that the same holds for 
an arbitrary root system: Macdonald's polynomials can be defined as eigenfunctions 
of a certain family of commuting difference operators (see [C2]); unfortunately, for 
root systems other than An it is very difficult to write these difference operators 
explicitly. 

4.2 Macdonald's polynomials of type A as generalized characters 

Through this section, we assume t = q'',k eN and show how one gets Macdon- 
ald's polynomials P\{x-,q,q^) for the root system A^-i as generalized characters. 
The construction is quite parallel to that of Section 3.2. In this section we only con- 
sider Q — sln\ unless otherwise specified, the words "representation", "intertwiner" , 
"generalized character" stand for representation of UqSlm etc. Also, all the objects 
are defined over the field <Cq = €(9^^"). 

Let U be the finite-dimensional representation of UqQ with the highest weight 
{k — l)?ia;i; this is a g-analogue of the representation U = considered in 

Section 3.2. As before, this representation can be realized explicitly in homogeneous 
polynomials of degree {k — l)n of n variables xi, . . . ,Xn with the action of UqSln 
given by 
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dxi oxi+i 



(4.2.1) 1-^ XiDi+i, fi ^ Xi+iDi, 

fi^Xi, . . . , QXi, • • • ; ^n) /(^l; ■ ■ ■ J Q ■ • • 1 ^n) 



{Dif){xi, ... ,Xn) = 



iq-q-^)xi 



Since the multiplicities in tensor products for UqQ are the same as for q, we have 
the following proposition: 

Proposition 4.2.1. Let A g P+. /I non-zero UqSin-homomorphism ^:Lx — > 
Lx®U exists iff X — {k — l)p G P"*"; «t exists, it is unique up to a factor. 

As in Chapter 3, we denote = A + (/c — l)p and define the intertwiner $a and 
the corresponding generalized character ipx'. 



(4.2.2) 

As before, we consider ipx as a scalar-valued function, and choose the identifica- 
tion U[Qi\ ~ C so that (px = e''^"''*^'^"-'^^^ + lower order terms. 

Proposition 4.2.2. 

k — l 

(4.2.3) = n n (^"^' - <i''e-/'). 

Proof. First, we prove the following statement: 

Lemma 1. i^x is divisible by (1— g^-'e"") for any positive root a and 1 < j < k—l. 
The proof is done in several steps. Let us introduce Fi = fiq~'^^^^^'^; then 

A(Fi) ^Fi®q-'^'^' + l®Fi. 

Let F be a (non-commutative) polynomial in Fi, . . . , F^-i of weight —a, a G . 
Let ifl = TilA^xFc^^'^). Also, let us fix a basis in U: U[a] = Cu^, aeQ. Then 

Lemma 2. There exists a polynomial Pp G C(g)[P] such that 
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Proof is by induction in a e Q'^. For a = Q the statement is obvious. Now, let 
a = '^rriiai, Y^mi = m and assume that the statement is proved for all a' < a. 
Take_ F = F,, . . .F^^. Then AF = A(F,J . ..A{F^J = q^'F{-f,) ® F{a - 
7i)?~^^* + F (S) g"'*", where 7^ G Q''~,7i < a, cr^ G Z, and -^(7) has weight —7. 
Therefore, using the intertwining property of $a and the cyclic property of the 
trace, we get 



cp^ = Tr(A(F)$Ae^"^'') = q~^" Tr(F$Ae^"'^) +A = g^"'")e-"(/P^ + A, 
where A = J2Q'^'F{a - -fi)q-^^i TY{F{-fi)^xe^''''^). Thus, 

V\ = r^-^ A. 

On the other hand, it follows from the induction assumption that A is an expres- 
sion of the form (4.2.4) containing only the factors 1 — q^l^'^^e~^ with /? < ck in the 
denominator. This completes the proof of Lemma 2. 

Lemma 3. Let a G , and let F^ be a {non-comrnutative) polynomial in F^ 
which in the limit g = 1 becomes a root element of sin- Then Pj^k-i is a non-zero 

ex. 

fe-i 

polynomial relatively prime to H (1 ~ q^-'e~^). 

It suffices to prove this lemma for g = 1. But for g = 1, A(Fq,) = Fq, (g) 1 + 1 Fq, 
and therefore 



so 

<^f'" = (1 - e-")-iF«v'5" = . . . = (1 - e-^y-'^^xFt'no. 
Since F^~^uo — CaU(^i_k)a for some Ca 7^ 0, we see that 

n (1-^-") 

^ ' I3<{k-l)a s=l 

One can easily see that this polynomial is relatively prime to 1 — e~". Thus, we 
have proved Lemma 3. 

Now, let us return to the proof of Lemma 1. Let us write 
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n (1 - 9'^e-«) 

Since the left-hand side is a non-zero polynomial, and -P^fc-i is relatively prime to 

k-l k-1 

n (1 — Q^^G~°'), we see that (px must be divisible by H (1 ~ q'^^e~°'). So, Lemma 1 
j=i i=i 
is proved. 

Now it is easy to prove Proposition 4.2.2: Lemma 1 implies that we have the 

fc-i 

following identity: (fo = f Yl 11 (1 ~ g^-'e"") for some polynomial /; comparing 

j=l aeR+ 

the highest and the lowest terms on both sides we see that / = e^'^-^)^. This 
completes the proof of Proposition 4.2.2. □ 

Now we can prove the main theorem of this section: 

Theorem 4.2.3. If X & and (px, <po are the generalized characters for UqSin 
defined by (4.2.2), (4.2.3) then (p\ is divisible by ipo, and the ratio ipx/<Po is the 
Macdonald's polynomial P\{q, q^) for the root system An-i- 

Proof. First, the same arguments as in the proof of Theorem 3.2.3 - no changes 
are needed - show that (px/^o is a symmetric polynomial with highest term e^. 
Therefore, to prove the theorem it suffices to prove that these ratios are orthog- 
onal with respect to the inner product (■, This immediately follows from 
the orthogonality theorem for generalized characters and formula for <po (Propo- 
sition 4.2.2). Indeed, we know from the orthogonality theorem that [(px(p^A]o = 

if X II. Therefore, [{(px/(po){(p^/(po)ipoipoA]o — 0. Due to Proposition 4.2.2, 

k-i 

(po(poA = Yl n (1 ~ q^'^e'^) = A^^^, which proves the orthogonality of {p'x/'Po} 
ae R i=0 

with respect to the inner product (•, •)fe- D 

Remark 4.2.4. Note that the proof only uses the following properties of U : 

(1) All weight subspaces are one dimensional. 

(2) e'^uo = 0, e^~^uo for every a e 

(we also used Proposition 4.2.1, which ensures existence of intertwiners; however, 
it can be deduced from properties (1), (2) above.) 

Thus, the same theorem must be true if we replace U by any other representation 
satisfying these properties. However, one can check that for UqSln we have only two 
possibilities: U = -£'(A;-i)na;i (which we used) or U = -£'(fe-i)na)„_i > which can be 
obtained from the previous one by an outer automorphism of g, i.e. by flip of the 
Dynkin diagram. For other Lie algebras, such representations do not exist at all 
(except some small number of exceptional cases, where such representations exist 
only for finite number of values of k), which explains why this theory can not be 
generalized to arbitrary root systems in a trivial way. 
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Remark. This theorem can be generahzed for the case of generic k, i.e., the 
case where q, t are independent variables; see details in [EK2] . 

4.3 The center of UqSin and Macdonald's operators 

In this section we show how one can get Macdonald's operators introduced 
in Section 4.1 from the quantum group UqS\.n- This construction is parallel to the 
one for = 1 (see Section 3.2). As before, in this section we only consider g = sin 

and t = q'',k eN. 

Recall (see Section 2.3) that we have denoted by DOq the ring of difference 
operators, i.e. operators of the form ^ Oq,Tq,, where T^e^ = q^'^^^)e^, and 

Oq, e 'Cq[P]{q^e'^ — 1)~^. We have also constructed for every element c of the 
center of UqSln a difference operator Dc G DOq such that for every intertwincr $ 
we have Tr($ce^'^^'*) = Dc Tr($e^'^^'^). These operators commute, and generalized 
characters are their common eigenfunctions. 

Let us show that applying this construction to the above case (i.e., g = sin and 
U is chosen as in the beginning of Section 4.2) we can get Macdonald's difference 
operators Mr defined by (4.1.3). 

Theorem 4.3.1. Define the central elements Cr e Z{UqSin),r =1 ... ,n — 1 by 

(4.3.1) Cr = C^n-r, 

(cf. Theorem 1.2.1), where A* is the q- deformation of the representation of sin in 
the i-th exterior power A^C"' of the fundamental representation, and let D^.^ e DOq 
be the corresponding difference operator {see Theorem 2.3.1). Then 

(4.3.2) Mr = <fio^ o Dc^ o (fio, 

where Mr is Macdonald's operator introduced in (4.1.3), and ipo is the operator of 
multiplication by the function (po defined by (4.2.3). 

Proof. Let us first prove that 

(4.3.3) <p^'D,^{^oPx) = 5^g2E.e.(A+M.p^, 

where the sum is taken over all subsets / C {1, . . . , n} of cardinality r. Indeed, we 
know from Theorem 2.3.4 that 

Drcpx = chA^-^(5-2(^+M)(^^. 

Since ch A"'"'^ = e^V^^-*^'" '^^ ^ e'^, where the sum is taken over all /j, = (//i, . . . , Hn) 
such that //i = or 1, ^ /ij = n — r, we get 

37 



I 

Since P\ = (p\/(pQ, we get (4.3.3). 

Comparing (4.3.3) with the formula (4.1.4) for eigenvalues of Macdonald's oper- 
ators, we see that and ^fQ o D^^ o (^g coincide on Macdonald's polynomials, and 
thus, on all symmetric polynomials. Repeating the uniqueness arguments outlined 
in the proof of Lemma 2.3.2, we see that it is only possible if they are equal. □ 

Remarks. 

(1) Recently a straightforward proof of Theorem 4.3.1 was found by Mimachi 
([Mi]). 

(2) The central elements Cr are closely related to those constructed in [FRT]. 
Essentially, the central elements constructed in [FRT] are traces of the pow- 
ers of L-matrix, whereas Cj. are coefficients of the characteristic polynomial 
of L. 

This theorem allows one to see the relation between the differential operators 
from D (see (3.1.7)) and Macdonald's difference operators. This relation is nothing 
but the relation between the center of UqSln (which, as we have seen, is spanned 
by the elements cy — {1 ® Try)(7^^^7^(l q~'^^))) and the center of Usln-, which 
does not have a nice explicit description, but can be described by means of Harish- 
Chandra isomorphism Z{Ug) ~ {Sf))^ . 
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CHAPTER V 



INNER PRODUCT AND SYMMETRY IDENTITIES 
FOR MACDONALD'S POLYNOMIALS 



In this chapter we use the technique of generahzed characters developed in the 
previous sections to prove so-called inner product (norm) and symmetry identities 
for Macdonald's polynomials of type A^. These results are due to the author and 
Pavel Etingof ([EK5]). 

Inner product identities express the norm {Px, Px) as a certain product over 
the positive roots. They have been conjectured by Macdonald for arbitrary root 
systems. He also gave a proof for An (unpublished); the proof for arbitrary root 
systems was given in a recent paper of Cherednik [C2]. 

Symmetry identity relates the values of P^(g2(M+fcp)) and P^(g^*^'^+'^''^). For A^ 
it was first proved by Koornwinder (unpublished), so the first published proof is in 
[EK5]. Again, recently Cherednik proved this identity for arbitrary root systems 
([C3]). 

In this chapter we only consider root system of type A^-i, i.e. g = sin- Our 
proofs use the realization of Macdonald's polynomials as generalized characters for 
UqSln (see Chapter 4) and the technique of representing identities in the category of 
representations of a quantum group by ribbon graphs, developed by Reshetikhin and 
Turaev. We refer the reader to their papers [RTl, RT2] or to recent books of Turaev 
[T] and Kassel [Kas] for description of this technique; a very brief introduction can 
be found in the Appendix to [EK5]. 

5.1 Inner product identities 

Let us fix a positive integer k. Recall (see Chapter 4) that we have defined 
Macdonald's polynomials Px G Cg[P], A e P"*" and an inner product ( , )fc in Cq[P] 
such that (Pa, Pn)k = if A 7^ The goal of this section is to calculate (Pa, Pa)^; 
our proof is based on Theorem 4.2.3, which shows that Pa can be expressed in terms 
of generalized characters for UqSln- 

Recall the notations U = Uk-i = ^('^"^^^C'^, wo = Uq~^ G U[0],X'' = X + {k - 
l)p, $A : Lxk — > Lxk Ujifix — X*A = e <^ uq + lower order terms introduced 
in Chapter 4; also, recall the Chevalley involution cj and Shapovalov form ( , )y : 
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V (S> V'^ C, discussed in Section 1.2. We assume that Shapovalov form in U is 
normalized so that {uo,uo)u = 1- 

Lemma 5.1.1. The inner product {Px,Px)k can be calculated from 

(5.1.1) mx^{Px,Px)klx, 

where Ix is an invariant vector in Lxk <S> L'^k and ^ : Lxk <S> L'^k Lxk <S> L'^k is 
the following operator: 

(5.1.2) Lxk (8) L'^k > Lxk (g) (7 (7'^ (8) L'^k > Lxk (8) L^k- 

Proof. It follows from Theorem 4.2.3 that {Px,Px)k = {<fix,'fix)i, where the 
inner product on generalized characters is introduced in Theorem 2.1.2. Now we 
can repeat the same arguments we used in the proof of Theorem 2.1.2. □ 

It will be convenient to rewrite this in a slightly different way as follows: 

Theorem 5.1.2. In the notations of previous Lemma, we have: 

(5.2.3) {Px,Px)k = (K.,$a$>aO)c/, 

where the intertwiner $^ : Lxk — > Lxk <S> is defined by the condition ^'^(vxk) = 
vxk <S> (uq)''^ + lower order terms. 

Proof. 



The proof is obvious if we use the technique of ribbon graphs. Namely, it follows 
from Lemma 5.1.1 that the inner product {Px, Px)k = can be defined from the 
following identity of ribbon graphs: 




where dinigL = TiL{q ^^), : L*^ ^ Lxk-^ip : I'n(fc-i)a;i* 
are isomorphisms and ip is chosen so that {uo,'iP{uq)) = 1. It is easy to check that 



L* 

n{k—l)uJi 



TI* 



n(k-l)co* 



ik* 




and thus, 




so 
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Theorem 5.1.3. In the notations of the previous theorem, we have: 



(5.1.4) {^xn)u= n n 1 _ '2(.,A+M-2. id^.^ • 

aeR+ i=l 

This theorem will be proved in the next section, using detailed analysis of the 
poles of the intertwining operators. 

This theorem, along with Theorem 5.1.2 immediately gives the main result of 
this section: 

Theorem 5.1.4. (Macdonald) 

fc-i . 



^=-1 I _ „2{a,\+kp)+2i 



(5.1.5) (Pa,Pa).= n n 1 _ '2(a,A+M-2r 

aeR+ i=l ^ 

This is precisely the Macdonald's inner product identity for the root system 

An-l- 

Remark. As before, these identities can be easily generalized to the case of 
arbitrary k - see [EK5] . 



5.2 Algebra of intertwiners. 

This section is devoted to the proof of Theorem 5.1.3, which expresses product 
of two intertwining operators in terms of a single intertwiner. The technique we 
use here is considering the intertwining operators for arbitrary value of A (which, 
of course, requires use of Verma modules) and study their behavior (in particular, 
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poles) as functions of A, which can be done using the Shapovalov determinant 
formula. 

Let us start with more general situation. Consider intertwiners of the form: 

(5.2.1) $^:Ma^Ma(8)L^, 

where M\ is Verma module over UqQ, is the finite-dimensional irreducible mod- 
ule; we assume that n G P"*" fl Q, so L^[0] ^ 0. Let u G i^;j[0]. We consider all the 
modules over the field of rational functions Cg = C(q^/^^), where = l-P/QI; if 
is not an integral weight then we also have to add q^^^^^i to this field. 

It is known that if M\ is irreducible then there exists a unique intertwiner of the 
form (5.2.1) such that ^^{v\) = v\® u -\- lower order terms. We will denote this 
intertwiner by The same is true if we consider the weight A as indeterminate, 

i.e. if we consider U — q^-^'^^i ^/^-^ as algebraically independent variables over Cq. 

Let us identify Mx with U~ in a standard way. Then we can say that we have a 
family of actions of UqQ in the same space M ~ U~ , and thus we have a family of 
intertwiners : M ^ M ^L^, defined for generic values of A. This identification 
also gives rise to Shapovalov form in U~ . We fix a homogeneous basis gk in U~ 
and denote the matrix elements of Shapovalov form in this basis by Fj^f. F^i = 

{9kV\,givx)M^ = {vx, {uS{gk))givx)M^- 

For A G f)*, let us call a trigonometric rational function of A a rational function 
in q^f^N^qXm ^^^lat is, in q^/"^^ and U = gK,A)/2iV^^ = 1,... ,n) and caU a 
trigonometric polynomial in A a polynomial in q^^f^^ with coefficients from Cq. 
Note that the ring of trigonometric polynomials is a unique factorization ring, and 
invertible elements in this ring are of the form c{q)q^'^'"\ a G 2^<5^- 

Lemma 5.2.1. For fixed ^ G P+, u G Lfj,[0], u we have 

(1) Let A G [)* 6e such that Mx is irreducible. Then there exists a unique 
intertwining operator : Mx — > Mx ® such that $^'^(f a) — vx ® u + 
lower order terms. Its matrix elements are trigonometric rational functions 
of X. Moreover, we have the following formula for ^vx-' 

(5.2.2) *^'"(^a) = ^(i^-')fci^fc^A ® q^+^'u;{gi)u, 

k,l 

where gk is a homogeneous basis in U~ , F~^ is the inverse matrix to the 
Shapovalov form in Mx, and as in Section 1.2, q^\v[u] = q^^'"^' '^dv^]- 

(2) Define the operator ^'^'^ by 



(5.2.3) 



^^''^ = d^(A)$^'^ 
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where 



(5.2.4) 



= max{z e Z+\Ln[ia\ ^ 0}. 



T/ien matrix elements of ^^'^ are trigonometric polynomials, i.e. have 
no poles; thus, is well defined for all A. 
(3) Consider the special case Q = sin, ^J' = knu}\. Recall that in this case LiJfi\ 
is one- dimensional. Let u he a non-zero vector in Ln\fS\. Then (i^(A) is the 
least common denominator of matrix elements of ^'^^ ; in other words, in 
this case matrix elements of do not have non-trivial common divisors. 

Proof. The proof is essentially the same as in the classical case, which is given 
in [ES]; however, we repeat it here marking necessary changes. To prove (1), it 
suffices to check that the vector in the right-hand side is the unique highest-weight 
vector of weight A in M\®L^ of the form v = v\®u+ . . . . Suppose v G M\®L^ is of 
the form above. Define Ei — ciq'^^^^^'^; then v is highest-weight iff AEiV — 0. On the 
other hand, explicit calculation shows that AEi = Ei(S>l — q'^'^^{l<S>SEi)q'^^^^(S>q''''^'. 
Thus, 

AEiV = {E,(g)l- gdi(2+(A,an)i SEi)v = {Ei0l- g(«i.A+2p)'i SEi)v. 

For X e M\,w E M\ ® define {x,w) by {x,wi (g) W2) = {x,wi)mx''J^2 G L^. 
If M\ is irreducible, Shapovalov form in M\ is non-degenerate, and therefore, w = 
«^=^ {x,w) — for all x e Mx. Therefore, we can rewrite the condition that v 
is a highest-weight vector as follows: 



It is easy to see that the last condition is equivalent to the following: for any 
homogeneous F e U~ , we have 



This proves that the highest-weight vector of the desired form exists and is 
imique. It is easy to check that the vector given by (5.2.2) satisfies the condition 
above. 

To prove (2), note that it follows from (5.2.2) that matrix coefficients of $ may 
have poles only at the points where the determinant of Shapovalov form vanishes. 
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The formula for the determinant of the Shapovalov form in the quantum case can 
be found in [CK] , and the factors occuring there are precisely the factors in formula 
(5.2.4) (up to invertible factors). One can check in the same way as it is done in 
[ES] for g = 1 - that is, by comparing the order of pole of the matrix of Shapovalov 
form and its minors - that in fact all the poles of are simple. 

The restriction on i in (5.2.4) appears because the coefficients {F~^)ki which may 
have poles of the form (5.2.4) with z > appear with zero coefficient. 

To prove (3), it suffices to check this statement for q = 1, which is also done in 
the paper [ES] (note that it is quite non-trivial!). □ 

Remark. It is seen from this proof that is actually a trigonometric poly- 
nomial in A with operator coefficients, i.e. the degrees of its matrix coefficients, as 
trigonometric polynomials, are uniformly bounded (under a suitable definition of 
degree) . 

We will discuss what happens to these intertwiners when A G P'^ and how they 
are related with intertwiners L\ ^ L\® later. 
We will also need one more technical lemma. 

Lemma 5.2.2. Let us write = (i^(A)$^'" {see (5.2.4)) in the following form: 

$5^'%A = d^{X)vx <^u + ... + a{X)vx (8) u^, 

where is the highest-weight vector in L^, and a(A) G Cg[g^'*'/^^] ® U~[—ii\ is a 
trigonometric polynomial of X with values in the universal enveloping algebra. Then 
the greatest common divisor of the components of a{X) is 1. 

Proof. It is easy to see, using the irreducibility of L^, that if a(A) = then 
_ Q ^Yie other hand, we have shown before that the coefiicients of 
have no nontrivial common divisors, and thus could only vanish on a subvariety 
of codimension more than one. Thus, the same must be true for a(A). 

Now we want to define a structure of algebra on these intertwiners. Let $i : 
Mx Mx ® L^^ , $2 : Mx Mx ® L^^^ be non-zero intertwiners. Let us define their 
product $1 * $2 : Mx Mx ® L^^j^n^ as the composition 



(5.2.5) Mx^Mx® L^, Mx ® V ® ^ Mx® 

where tt is a fixed projection tt : Lp-^ ® L^^ L^^+^j- 

Now, let us apply these notions to the situation considered in the previous 
sections in connection with Macdonald's theory. That is, assume that g = si^, 
fx = knuJi for some k G Z_|_, so that — Uk = q — analogue of S''^"'C"'. As before, 
we identify Uk with the space of homogeneous polynomials of degree kn in variables 
xi,...,Xn (see (4.2.1)), and let uq = (xi . . .Xn)'' G Lfj_[0]; then L^[0] = CgttQ. For 
brevity, we will write Uk for L^nuji , for ■^"^i-'^o ^ q^^, ^j^g projection 

TT : Uk ®Ui ^ Uk+i by '7t{uq ® Uq) = Uq'^K In this case, n*^ = k for all a G R'^ and 
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k 

(5.2.6) 4(A) = n n(i-9'^"'^+^)-'0- 

Here comes the main result of this section: 
Theorem 5.2.3. 

(5.2.7) #^*$^ = $J+'. 

Proof. Let us denote the left-hand side of (5.2.7) by ^. Then ^ is an intertwiner 
M\ — > M\ (8) Uk+i, whose matrix coefficients are trigonometric polynomials in A. 
In particular, we can write '^{vx) = f{X)vx ® Wq^' + l.o.t. On the other hand 
^x'^^vx) — dk+i{X)vx ® Wq"*"^ + l.o.t. Since the intertwining operator is unique for 
generic A, this implies ^I/(A) = ^^f^'^^x) ^a"*"^- Since the greatest common divisor of 
the matrix elements of $^+^ is 1, this implies that /(A) is divisible by dk+i{X)- 

Let us now consider the lowest term of \E'. If we write the lowest term of $^ as 
ci'k{^)v\<SiUk (cf. Lemma 5.2.2) and lowest term of $-)^ as ai{X)vx®ui then the lowest 
term of ^ will be ai{X)ak{X)vx <S)Uk+i (up to some power of q). Since we know that 
components of ak have no common divisors, and the same is true for ai, it follows 
that the greatest common divisor of components of ak{X)ai{X) is 1. Indeed, suppose 
that p{X) is a common divisor of components of afc(A)a;(A). Passing if necessary 
to a certain algebraic extension of Cq we get that afc(A)a/(A) vanishes on a certain 
subvariety of codimension 1. On the other hand, this contradicts the fact that both 
ttk, ai could only vanish on subvarieties of codimension more than one, since U~ has 
no zero divisors. Thus, the greatest common divisor of coefficients of ^'(A) is one, 
which implies that dk+i{X) is divisible by /(A). 

This proves that \E'(A) = c(Q)g(^'"^$^"'~' for some a e and rational function 
c{q), independent of A. To calculate a, c, let us consider the limit of both sides of 
(5.2.7) as A ^ +poo, i.e. letting U = qM)^^ = 0. 

Lemma 5.2.4. 

lim ^k{v\) = ® Wo- 

A— »poo 

To prove the lemma, note first that lim^'^ = lim^'^. Due to Lemma 5.2.1, 
we can write ^(vx) = i{^~^)ki9kVx ® {<-^9i)u- It is known that if we choose a 
basis Qk in such a way that qq = l^gt has strictly negative weight for /c > 0, then 
liinx-tpoo{F~^)ki = ^k,o^i,o (this follows, for example, from [L2, Proposition 19.3.7], 
which gives much more detailed information about the asymptotic behavior of F; 
it states that under a suitable normalization the Shapovalov form in the Verma 
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module Mx formally converges to the Drinfeld's form on U as A — > +oop). This 
proves the lemma. 

Using this lemma and the fact that in the identification Mx ~ M ~ t/~ the 
action of U~ does not depend on A, one can show that 

lim^'(wA) =vx0 Uk+i- 

Comparing it with the the expression for lim^}.^i{vx), we get the statement of 
the theorem. □ 

Corollary 5.2.5. 

So far, we have proved Theorem 5.2.3 only for the case when k,l G Z_|_. How- 
ever, it can be generalized. Let us consider the space Uk = {{xi . . . XnYp{x),p{x) G 
£.q[xf^ , . . .x^^],p{x) is a homogeneous polynomial of degree 0} where k is an arbi- 
trary complex number. Formula (4.2.1) defines an action of UqSin in Uk- Also, 
define Uq = (xi . . .Xn)^ e tj^- 

Lemma 5.2.6. 

(1) The set of weights ofUk coincides with the weight lattice Q, and each weight 
subspace is one- dimensional. In particular, C/fc[0] ~ C^Mq. 

(2) For generic k, the mapping 



(5.2.9) x^ ^ r,(A, + i) .r (A. + i) 

^ ^ (r,(A; + l))^ 

defines an isomorphism U'^ ~ U-i-k- The normalization is chosen so that 
Uq I— s> Uq^~^ . Here Tq{X) is q-gamma function: 

1 _ o2(n+l) 



9 W (1 - (72)a;-l 11 1 _ q-^in+x) 
^ ' n=0 



SO V{x = \x)^{x), where 

- g-^ 
q-q 1 

Note that the factors of the form (1 — g^)'^ in the product in (5.2.9) can- 
cel, and thus we can consider this product as a formal power series in q 
with coefficients which are rational functions in q^,q^ {which we consider 
as independent variables). 
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(3) If k & Z+ then Uk contains a finite- dimensional submodule, isomorphic to 
the module Uk defined above: Uk = C/fc fl Cgfxi, . . . ,x„]. Also, in this case 
U-i-k has a finite- dimensional quotient U^ = U-i-k/{x^ such that at least 
one Xi G Z_|_). In particular, U-i can be projected onto ~ Cg. Moreover, 
formula (5.2.9) above defines an isomorphism U^ ~ U'^ for k e 

Proof of this lemma is straightforward. 

Now, let us assume that A is generic and consider an intertwiner : M\ — > 
Mx®Uk such that ^\{vx) = vx ® + . . . , and (|) is a tensor product completed 
with respect to p-grading in Mx- Note that if /c G then image of ^{vx) lies in 
the submodule Mx ® Uk (which follows from the explicit formula (5.2.2) for $), so 
this is consistent with our previous notations. Also, for A; G C we define 



I _ q'2{a,\+p)+2iq-2k 



(6.2.10) 4(A) = n n 1 _ „2(„.>+.H.. ■ 



aeR+ i=0 ^ 



which we again consider as a formal power series in q with coefficients which are 
rational functions in q^^q^. Note that if /c G Z_|_, this coincides with previously 
given definition. 



Theorem 5.2.7. For any k e Z+,l e C we have 



where dk{X) is given by formula (5.2.10). 

Proof. Let us fix k. Then the matrix elements of the operators on both sides of 
(5.2.11) are rational functions in q, q\q^., which follows from the fact that (j^^x)d^{\) 
is a rational function in q^q^^q^- Now the statement of the theorem follows from 
the fact that this is true for I G Z+ and the following trivial statement: 

IfF{q,t) G C{q,t) is such that F{q,q^) = for all I G Z+ then F = 0. 

□ 

Let us apply this to case when I = —1 — k. In this case explicit calculation gives 
the following answer: 

Corollary 5.2.8. For k eZ+, 

11 1 _ o2(a,A+p)-2i • 
a£R+ i=l ^ 

Now, let US relate these intertwiners with intertwiners for finite-dimensional rep- 
resentations. 
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Theorem 5.2.9. Let A,// e P+,w e Lp[0],w ^ (note that in this case L\ is 

finite- dimensional) . Assume that X is such that the intertwiner : M\ M\ ® 
defined in Lemma 5.2.1 is well-defined at this point, i.e. does not have a pole. 
Let I\ he the maximal submodule in Mx: Lx — Mx/Ix- Then $^'"(1^) C /a ® L/^, 
and thus, can be considered as an intertwiner Lx ^ Lx® L^. Moreover, this 
is the unique intertwiner Lx ^ Lx® L^ such that vx ^ vx®u-\- lower order terms. 

Remark. Note that for A e P+ the intertwiner Mx Mx ® L^ such that 
vx^ vx®u-\- lower order terms is not unique, so is a very special intertwiner 
of this form. 

Proof. Composing with the projection Mx Lx, we get an intertwiner 
Mx — > Lx®Lf^. Since the tensor product is finite-dimensional, this intertwiner must 
annihilate Ix. Uniqueness can be proved in the same way as for Mx for generic A 
(see the proof of Lemma 5.2.1). □ 

This shows that we can now apply the results of this section to study of products 
of intertwiners for finite-dimensional representations. In particular, we can now 
prove Theorem 5.1.3 form the previous section. Recall that it was formulated as 
follows: 

Theorem 5.1.3. Let U = Uk-i and let : Lxk Lxk ®U,^l : Lxk — > 
Lxk ® If^ be such that ^xivx^) = Vxk 'Uo~^ ^a(^aO = Vxk ® {uq'^)"^ , where 
Xk = x + (^k- l)p,uo e U[0],{u'^-^)^ e U^[0]. Let {,)u : U ^ Cq be 

Shapovalov form normalized so that {uq,Uq)u — 1- Then 

l_ 2{a,\+kp)+2i 

(^a$av= n n 1 _ '2(.,A+M-2. ^^^.^ • 

Proof. Recall the notation Uk (see Lemma 5.2.6). Then U = Uk-i is a sub- 
module in Uk-i, and If^ is a factormodule of U-k] moreover, the Shapovalov form 
coincides with the restriction on U of the map Uk-i®U-k U-i — > C^. This 
together with Corollary 5.2.8 and Theorem 5.2.9 proves the desired statement. 

5.3 Symmetry identities 

In this section we only consider the case q = sin- 

The main goal of this section is to prove Theorem 5.3.3, which establishes cer- 
tain symmetry between the values Px{q^^^^'^^'^^) and P^{q^^^^^P^) (notations will be 
explained later). The proof of this theorem is based on the technique of ribbon 
graphs. 

As before, let $a : Lxk — > Lxk ® Uk-i be such that $(f a^) — vxk ® Uq~^ -I- . . . , 
A'^ = A -h (A; — l)p, and let (px = X*a be the corresponding generalized character. 
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Lemma 



5.3.1. 



(5.3.1) 




n(k-l)C0j 



wheve ^ix{q'^) stands for polynomial in q,q ^ which is obtained by replacing each 
formal exponent in the expression for ip^ by q^'^'^^ 

Proof. Let us consider the operator F : L^k — > Lxk (8) U^-i corresponding to 
the ribbon graph on the left hand side of (5.3.1). It is some t/q0-homomorphism. 

Since we know that such a homomorphism is unique up to a constant, it follows that 
F = a$A for some constant a. To find a, let us find the image of the highest-weight 
vector. First, consider the following part of this picture: 




rresponding operator is the product B?^R : L 



It follows from the explicit form of R- matrix (1.2.7) that if a; e 



<L^ky 



q 



'Vxk ® X -\- 



Thus, if Xi is basis in L, 



X 



then 
dual 



basis in L* j. , xi has weight ai then explicit calculation shows that 



n(k-l)a)j 



■ ^X'^ ^ Ei q^^'^^'^^^'^^vxk ®x^® ^{xi) + l.o.t. 



and yhus, F{vxk) = <Pij.{q'^''^'^'^^^)vxk ® Uq ^ + which completes the proof. □ 

Remark. In the case k = 1, i.e. U = C, (5.3.1) reduces to the formula for the 
value of the central element cl*. in Lxk (see Theorem 1.2.1) 
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Corollary 5.3.2. Let $a : -^'a^ <8) Uu-i-, ' -^a^ ^ <S> U^^^ be as 

in Theorem 5.1.2. Then 



(5.3.2) 




Proof. This follows from the previous lemma and the arguments used in the 
proof of Theorem 5.1.2. □ 



In a similar way, we can replace everywhere U by U* (see Remark 4.2.4), and re- 
peating with necessary changes all the steps of previous sections prove the following 
theorem: 



Theorem 5.3.3. Formula (5.3.2) remains valid if we replace in the graph on the 
left hand side $^ by $° $^ by $a and interchange u>i and lo^. 



Theorem 5.3.4. 
(5.3.3) 

P,iq'^'+'''^) ^ oki,,X-,) n TT 1 - g^(---^+^^)+^- ^ yr 'y^ [(«, + M + ^] 

p (^2(M+M) ^ 11 11 l_^2(a,A+M+2i 11 ll[(c,A + M+^] 



Proof. The proof is based on the following identity of the ribbon graphs: 
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(5.3.4) 




n(k-l)co^ 



n(k-l)o)* 




n(k-l)co^ 



ary 5.3.2 and Theorem 5.3.3, this imph 



(5.3.5) ^^(g2(A+M)(p^,p^)^dim,L;,. = ^A(g'^'^+^^^)(i'M' ^m)^ dim, V. 

Substituting in this formula exphcit expression for {Px,Px)k (Theorem 5.1.4) 
and using the foUowing expression for dim, L\: 



dim, Lx = 



2(a,p) 



n 



[(^,A + p)] 
[(«:P)] 



which can be easily deduced from the Weyl character formula, we get the statement 
of the theorem. □ 

Corollary 5.3.5. (Macdonald's special value identity, [M1,M2]) 
(5.3.6) 

[(ct, X + kp) + i] 



pja^'^n = Q-^^^p'^^ TT TT - . . . . 



n n 



Proof. Let = 0. Then P^ = l, and formula (5.3.3) reduces to (5.3.6). □ 
We refer the reader to [EK5] for the generalization of this formula for arbitrary 



k. 
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CHAPTER VI 



GENERALIZED CHARACTERS FOR AFFINE LIE ALGEBRAS 



In this chapter we start the study of the generahzed characters for the affine Lie 
algebras. Mostly, the constructions are parallel to the finite-dimensional case, but 
since the objects we work with are infinite-dimensional, extra care should be taken. 

6.1 AfRne Lie algebras 

Here we review the notations and facts about affine Lie algebras and root systems. 
All of them can be found in [Kal]. We keep the notations of Chapter 1; as a rule, 
we will use hat (") in the notations of affine analogues of finite-dimensional objects. 

Let g be the affine Lie algebra corresponding to g: 

Q = Q^C[t,t-^]®Cc®Cd, 
with the commutation rule given by 

[x (g) r, y t"^] = [x, y] ® + n5m-n{x, y)c, 
(6.1.1) c is central, 

[d,x®t'^] ^nx®t'^. 

Sometimes we will use a smaller algebra = (8) C[t, t~'^] ® Cc. For brevity, we 
will use the notation 

x (g) t"" = x[n], a; e 0, n e Z. 

Similarly to the finite-dimensional case, we define Cartan subalgebra t) = t)©Cc© 
Crf, r = r©C(5©CAo, where (Ao,[)©Cc/) = (5,[)©Cc) = 0, {5,d) = l,(Ao,c) = 1. 
It will be convenient to consider affine hyperplanes f)|^ = f)*©C5-|- KKq, G C; 
we will refer to the elements of f)|^ as having level K. 

Again, we have a bilinear non-degenerate symmetric form (•, •) on \)* which coin- 
cides with previously defined on ^* and (Aq, 5) = 1, (Aq, f)*) = {5,^*) = (Aq, Aq) = 
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(5,5) = 0. This gives an identification 1^* ~ ^ : A i— > h\, and a bilinear form on ^ 
such that (c, d) = 1. Note that under this identification, C Q. 

We define the affine root system R = {a = a + nS\a G -R, n G Z or a = 0, n G 
Z \ {0}}. Again, we have the notion of positive roots: — {a = a + n6 ^ R\n > 
or n — 0, a E i?"*"} and the basis of simple roots cto — —0 + 6,ai,... , ar- For 
a = a + nS & R'^ we define ea = ea[n] if a G R'^ , and Ca = f-ain] if a G R~; 
fa are defined similarly. As before, we use the notations Cj = 2eai/{oii, ai), fi = 
2/q,j/ (tti, cti), hi ~ a)^ = 2haJ {oci, ctj), i = 0, . . . ,r. This gives the polarization of 
g: = n+ © ^ ©n". 

As usual, we denote (5 = Za^, Q"*" = Z+cti. 

We define the affine Weyl group W as the group of transformations of [)* gener- 
ated by the reflections with respect to ctj, z = . . . r. We have notion of sign of an 
element of W: e{w) = (—1)' if is a product of I reflections. This group preserves 
the bilinear form; also, it preserves each of the affine hyperplanes 

Theorem 6.1.1. (sec [Kal]) W ~W \k , where the action ofW is the same 
as in the classical case, and the action of in f)^ is given by 

(6.1.2) a'^-.X^X + Ka'^ - {{Xa"^) + ^K(a^, 

Now we can deflne the root lattice P = P © Z5 © ZAq C ^* and the cone of 
dominant weights P+ = {A G t)*|(A,a^) G Z+, z = 0, . . . , r}. We will also use the 
notation P+ = P+ n = {X + nS + KAo\X G P+, (A, 6*) < K}. Note the cone 
of dominant weights is invariant with respect to the translations along 6 direction, 
but if one factors this out then there is only a finite number of dominant weights 
for every level K. Abusing the notations, we will write P^ = {A G P"'"|(A, 9) < K}. 
We introduce an order on P as usual: X < jl <(=^ /i — A G Q"*". 

We define the following affine analogue of p: 

(6.1.3) p = p + /i^Ao; 

then (p, a^) = 1, z = 0, . . . , r and thus p G P'^. 
Lemma 6.1.2. 

(1) W preserves each Pk — P ^^*k- 

(2) P^ is a fundamental domain for the action ofW in Pk for K > 0. 

Proof. The proof is based on the fact that when we restrict the bilinear form 
( , ) to we get an integer even lattice - see [Lo]. 

Let us consider representations of q. Unless otherwise specified, we only consider 
representations with weight decomposition. We say that a module V over g is of 
level K a c\v = Kldy- 
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Since we have polarization of Q, we can define Verma modules over q and 

their irreducible quotients L^. Note that is infinite-dimensional unless A = aS. 
Both of these modules admit weight decomposition. 

As usual, we define the category O to be the category of finitely-generated g- 
modules with weight decomposition such that for every v E V the space Uh'^v is 
finite-dimensional. Obviously, for every A the modules M^, satisfy this condition. 

We say that a module V from category O is integrable if for every simple root 
ai,i = 0, ...,r restriction of V to the Lie algebra 3I2 generated by ei,fi,hi is a 
direct sum of finite dimensional modules. Integrable modules are natural analogues 
of finite-dimensional modules for q. It is known that is integrable iff A G , 

and that every irreducible integrable module has the form for some A G P"*". 

We will also need another type of modules, which are called evaluation repre- 
sentations. Let V be a finite-dimensional module over q and let 2; be a non-zero 
complex number. Then we can construct an evaluation representation of g (not g\) 
in V by 



7rv{z){a[n]) = z'^TVyia), 

(6.1.4) 

Note that V{z) has no P-grading but has a natural P-grading and V{z) is a 
module of level zero. 

We will be interested in intertwining operators of the following form, which are 
sometimes called vertex operators: 



(6.1.5) ^:L-^^ L-^®V{z), 

where is the completion of the integrable highest- weight module L-^^, A G P"*" 
with respect to the d-grading. To prove the existence of such intertwiners, we use 
the following well-known result (see, for example, the arguments in [TK], which 
work for general Lie algebra in the same way as for sl2): 

Lemma 6.1.3. The mapping $ 1— > (f^,$f^) establishes one-to-one correspon- 
dence between the space of all intertwiners of the form (6.1.5) and the subspace in 
V[0] formed by the vectors v such that xv = for every x & Uh~ such that xv^ = 
in L^. 

6.2 Group algebra of the weight lattice 

One of the most important objects of study for us will be the algebra of W- 
invariants of the (suitably completed) group algebra of P. In the affine case its 
definition is much more subtle than in the finite-dimensional case; our exposition 
follows the paper of Looijenga ([Lo]). 
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Let us consider the group algebra C[P], i.e. the algebra spanned by the formal 
exponentials e^,\& P. It is naturally Z-graded: C[P] = C[Pr-]- Consider the 

following completion: 



(6.2.1) 



for every N there exists only finitely many A e Pk 
such that 05; 7^ and (A, p) > >. 



Then C[P] = 0C[Pk] is again a Z-graded algebra. This completion is cho- 

K 

sen so to include the characters of Verma modules (and more generally, modules 
from category O) over g. This algebra has a natural topology with the basis of 
neighborhoods of zero given by 



(A, p) <-N iia-.^Q) . 



For our purposes this algebra is too big. We will use a smaller algebra: 



(6.2.2) A= fl w[c[P]^, 

wew 

which is a natural analogue of the group algebra C[P] for finite-dimensional case. 
In particular, we have a natural action of W in A. It is also Z-graded: Ak = 



n w I C[Pft:] ) • Again, this algebra has a topology, which we describe in terms of 
wew ^ ^ 

convergence: we say that — >^ in ^ if for every w e W ^ w{fn) — > in C[P]. 

One of the main objects of our study will be the algebra of VF-invariants A^ C A. 
We will call elements of A^ (formal) symmetric theta-functions of level K; indeed, 
we will show below that for q = 5(2 the condition of VF-invariance coincides with 
definition of even theta-function. 

For a module V with the weight decomposition define its character by the for- 
mula: chV = ^3,^^p e'*' dimF[A] provided that this sum converges in the sense of 

the completion C[P]. 

Example 1. For any Xe Pk,K >0 the orbitsum 



(6.2.3) m^^= J2 



56 



belongs to . 

Example 2. For any module V from the category O (in particular, for M^, L^) 
we have chV G C[P]. 

Example 3. If y is a module from the category O then chV E A iff F is 
integrable, in which case chV E . In particular, chL^ G iff A G -P"*". 

Example 4. Define the affine Weyl denominator S by 
(6.2.4) S = e^l[(l-e-n = ^. 

aeR+ 

Then 5 E A. It is easy to see that 5 is VF-antiinvariant; moreover, it is known 
(see [Kal, Lo]) that every 14^-antiinvariant element of A has the form f5, f E A^ . 

Obviously, A^ is Z-graded. Moreover, the following is well-known: 

Lemma 6.2.1. A^ = OforK< 0, and 



(6.2.5) 



aW 

^0 



n<no 



nS 



E C 



Theorem 6.2.2. (cf. [Lo]) For every K E Z+, the orbitsums mx+KAo,^ ^ Pr 
form a basis of A^ over the field A^ . 

This theorem follows from the fact that is a fundamental domain for the 
action of W in for K > Q and from Lemma 6.2.1. 

It will be convenient to introduce formal variable p = e~^] then every element of 
A can be written as a formal Laurent series in p with coefficients from C[P] (note 

that this is not so for C[P]). It is also compatible with convergence: if ^ in 
A then — > in the usual p-adic topology in C((p))[P]. In particular, in these 

notations A^ ~ C((p)). (Usually, is denoted by q; we use the letter p to avoid 
confusion with the parameter q of the quantum group). 

We will also need the analogues of the ring C[P](e" — 1)~^, considered in Sec- 
tion 2.2. First, note that if ci G R~ then the series (1 — e")~^ — 1 -\- e'^ -\- e^" -|- . . . 

converges in C[P], so there is no need to extend C[P] any further. 

As for the algebra A defined above, it does not contain (1 — e")~^. For this 
reason, we define the algebra TZ as follows. Consider the algebra C[-P](l — e")~^, 
obtained by adjoining to C[-P] the inverses of (1 — e°) (no completion so far). Then 
we have a morphism 
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(6.2.6) 



T:C[P](l-e«)-^ ^C[P], 



given by expanding (1 — e~'^)~^ — 1 + e~" + e~^" + . . . for a G i?"*". Note that the 
image is not in A. 

Similarly, for every w &W we have 



T„:C[P](l-e«)-i^«;(C[P] ), 



given by expanding (1 — e ") ^ = 1 + e " + ... for a e wR^ . 
Define 



(6.2.7) 7^=|J]a„|aneC[P](l-e")-^ 

^T-u,(an) converges in tu^CfP]^ for every w & W 

This algebra obviously contains A. This is the right analogue of the ring of 
fractions C[P](e'^ — 1)~^, introduced in Section 2.2; for example, Yli&eR+ ^ ^• 

Note that there is a natural action of the Weyl group W in 7?.; also note that this 
algebra has a natural Z-grading given by level. 

6.3 Generalized characters for afHne Lie algebras 

In this section, we define and study some properties of generalized characters for 
affine Lie algebras. Results of this section are due to the author and P. Etingof ([El, 
EK3, EK4]); in less general situation (and different language) some of the results 
were found earlier by Bernard ([Be]). 

Definition 6.3.1. Let ^ -.V ®U he & g-inter twiner, where F is a module 
from the category O and [/ is a finite-dimensional g-module of level zero. Define 
the corresponding generalized character by 



(6.3.1) = J]e^TV^[^]$ e C[P] ®t/[0]. 

Remark. It is easy to see that if V is integrable then e A. 

As before, we can interpret generalized characters as functions of variables h e 
e C by the rule 
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(6.3.2) 



X$(/i,p) = Try($j9-V"^'^), 



provided that this sum converges. In the cases we wiU be interested in this sum 
does converge in a certain region (typically, < |p| < 1); however, this requires 
proof, which we will give later (see Section 8.1). For this reason, at the moment we 
consider generalized characters formally, i.e. as elements of the completed group 
algebra of the weight lattice. 

Our next goal is to deduce some differential equations satisfied by these gener- 
alized characters. Unfortunately, we can not use central elements oi Uq for this 
purpose, since there are no non-trivial central elements in Uq except c. However, 
we can introduce the following central element in the completion of Uq: 

(6.3.3) 

d = 2(c+/i^)rf+ J] I (: ea[n\fa[-n] : + : fa[n]ea[-n] :) + J] ^ xi[n\xi[-n] : J 

where xi is an orthonormal basis in f) with respect to ( , ) and the normal ordering 
is defined by 



(6.3.4) : a;[n]y[m] 



x[?i]y[m] m > n, 
y[m]a;[n] m < n. 



This is the affine analogue of the Casimir element. Though it is an infinite sum, 
it is well defined in every module from category C, and C\m-^ = (A, A -|- 2p) Mm-- 

Now we can formulate the main result of this section, which is the affine analogue 
of Theorem 2.2.4. Similarly to Section 2.2, let us introduce the following differential 
operators, which we consider formally, i.e. as derivations of the algebra C[P]: 

Ae^ = (A,A)e^, 

(6.3.5) . ^ ' . 

d&e^ = {a,X)e^ , aei)*. 

If we use the notation = p and write elements of CfP^:] as functions of p 
with coefficients from C[P]: C[Pk] = e^^°C[p,p-^][P] then 

d 

-2Kp— + Au, 

(6.3.6) dp 

da+nS = da+ uK, 

where Af, is the Laplace operator in i) defined in Section 2.2. 

Note also that both A and da can be extended to the completions C[P] and A. 
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Theorem 6.3.2. ([El]) Let X e P+, and let ^ : ^ L^i^U be a Q-intertwiner, 

where U is as in Definition 6.3.1. Denote &y x$ G A (S> U[0] the corresponding 
generalized character. Then x$ satisfies the following differential equation: 



(6.3.7) 



E 

&€R+ 



(^e«/2 - e-«/2)2 P 



E 



(A,A + 2p)x*, 



where we use the following convention: if a = nS & then ea.f& + fofia. should be 
replaced by x^fnjx^f— n], where xi is an orthonormal basis in f). Similarly, in the 
second sum, each root should be taken with multiplicity: for a = nS the term ^2 a 
must be multiplied by r. 

This equation can be rewritten in the following form: if x$ has level K then 



= (a,-2(K + /.V)p| 

Yl (I _ ^nea)2 ifM^ai-n] + ea.[-n]fa[n]) 

= (A + p, A + p)^x*, 



where S is the affine Weyl denominator (6.2.4). 

In less general form this equation has first appeared in the papers of Bernard 
([Be]). 

Remark. It is easy to check that the differential operators written in the right- 
hand side of (6.3.7), (6.3.8) are well defined as operators in TZ. 

Proof. The proof is analogous to the finite- dimensional case (Proposition 2.2 A). 
It is based on the following identities, which can be easily proved by the same 
methods as their finite-dimensional analogues (2.2.5-2.2.7): 
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(6.3.9) IV($es/«p-V-'^) = (^--^-^-^eafa - Y^daj X*, 

(6.3.10) Tri^f&e&p-^e^''''') = (^-^^^^/^e^ - j^^'a) X*, 

(6.3.11) Tr($(2cd + ^ a;^)p-'^e2^^'^) = Ax*. 

Since C\l^^ = (A, A + 2p)IdL^, we have Tr{^Cp-'^e'^''''') = (A, A + 2p)x$. Substi- 
tuting in this formula the expression (6.3.3) for C and using identities (6.3.9-6.3.11), 
we obtain the desired equation (6.3.7). Formula (6.3.8) can be deduced straight- 
forwardly; it also follows from more general statement, which we will prove in the 
next chapter (Theorem 7.1.2). 

Example 6.3.3. Assume that U = U{z) is an evaluation representation. Then 
X* e U[0], and thus, independently of z we have xi[n]x^ = 
CafaX^- Therefore, we can rewrite (6.3.8) as follows: 



(6.3.12) (^A,-2(K+/.^)p--2 (Y3^;^e"/")('5x<.) = (A+p,A+p)5x*. 

Remark. In fact, both Theorem 6.3.2 and Example 6.3.3 are also true if one 
replaces the integrable module by Verma module or any its subfactor, and 

lets A be an arbitrary (not necessarily dominant) weight. The only difference is that 

in this case the generalized character should be understood as an element of C[P] 
rather then A. 
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CHAPTER VII 



AFFINE JACOBI POLYNOMIALS AND GENERALIZED CHARACTERS 



In this chapter we define and study the affine analogue of Jacobi polynomials dis- 
cussed in Chapter 3. This definitions is due to the author and Etingof [EK4]. (The 
name "polynomials" is not quite good, since they look rather like theta-functions; 
still, we use it to stress the analogy with finite-dimensional case). 

We also prove that for the root system of type these polynomials, which 

in this case we call affine Jack polynomials, can be obtained as ratio of generalized 
characters for the affine Lie algebra sin- 

7.1 Definition of affine Jacobi polynomials. 

As before, let us fix some positive integer k. Recall that we have defined in 
the previous chapter the algebra A, which is a certain completion of the group 
algebra C[P], and the ring of fractions TZ, which is a certain completion of the ring 
C[P](e" — l)""*^. Recall also the Laplace operator defined in Section 2.2. 

Definition 7.1.1. The Calogero- Sutherland operator for (affine) root system 
R is the differential operator which acts in by the following formula (all the 
notations as before): 



(7.1.1) = A, - 2Kp- - k{k -1)Y: «)• 

nGZ 

Remarks. 

(1) It is easy to see that the sum does belong to the ring 7^, so is a well 
defined operator in TZ. 

(2) This operator can be rewritten in the following form: 



(7.1.2) 



Lk = A-k{k-l) 



E 

a€R+ 
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(a, a) 



(e«/2 



x/2y 



which shows that it is a complete analogue of the operator introduced in 
Section 3.1. This also shows that Lfc commutes with the action of W in TZ. 
(3) Note that for K = this operator becomes so-called elliptic Calogero- 
Sutherland operator (it becomes clear if one rewrites in terms of Weier- 
strass function - see formula (8.1.6) below). 

Define 

(7.1.3) Mk = S-'' o (Lk - k\p,p)) o S\ 
where 5 is the affine Weyl denominator (6.2.4). 

Theorem 7.1.2. 

(1) Mfc is a well defined operator in TZ. 
(2) 

(7.1.4) Mfc = A - 2A; ^ 13^^" + '^^^P' 

aeR+ 

(3) Mfc commutes with the action of W . 

Proof. It will be convenient to use vector fields in f), i.e. the elements oiTZ®^. 
If f — ^ViXi^Vi eTZ, Xi G i) then we will denote by 9„ = ^ Vid\. the corresponding 
differential operator. Also, for / e 7^ denote by grad / G 7^ ® [) its gradient, which 
is defined in the usual way, so that grad e**^ = e*^ • A (as before, we identify f)* and 
^). Then we have the following obvious formula: 

A{fg) = {Af)g + f{Ag) + 2(grad /,grad g) = {Af)g + f{Ag) + 28^,^^ fg, 

where ( , ) is the inner product of the vector fields, i.e., the inner product on f) 
extended by 7?.-linearity to iZ<S> ^ (it has nothing to do with the inner product on 
polynomials!). Thus, 

(7.1.5) 6-'^ oAo6 = A + 2dy + {6-^A{S)), 
where 

(7.1.6) v = 6-''grad6 = p+ J2 I'Le-a ^- 

cteR+ 

Note that VF-antiinvariance of S implies VF-invariance of v. Since A(5) = (p,p)5, 
which follows from the denominator identity for affine root systems, this proves that 
5~^Ad is a well defined operator in TZ. 
It is easy to prove by induction that 

6-'' 0A06'' = A + k{p, p) + 2kdy + k{k - 1)5-^ {d J). 
Obviously, 5~^{dy5) = (v,v). 

63 



Lemma 7.1.3. 

iv,v) = + J2 (^-^) (ea/2 _\-a/2)2 - 

Proof. Let us consider X = {v,v) - {p, p) - ^^^j^+{a,a) (^a/2_e-a/2)2 e 7^. 

Obviously, it is VF-invariant. Also, from the explicit expression for v it follows that 
X has only simple poles. Consider Xd. It is an element of it with no poles, thus 
it is an element of A. Also, it is antiinvariant. Thus, X e A. Obviously, X e ^o; 
since X is VF-invariant, Lemma 6.2.1 implies that X e C((p)). 

To complete the calculation, let us write the explicit expression for X; then, let 
us expand it in a series in e~", a G (i.e., apply the map r we used in Section 6.2 
to define it) and keep only the terms of the form e'^^ in the expansion. This gives: 

^ aeR+ ^ n=l ^ 

where r is the rank of Q. On the other hand, for any simple Lie algebra Q we have 

{a, a) = rhy . 

aeR+ 

The simplest way to prove it is to consider the action of the Casimir element 
C e Ug in the adjoint representation. On one hand, C\g = 2/j,^Idg, and thus 
Tr|f,C = 2rh^ . On the other hand, it is easy to deduce from the formula C = 
J2aeR+ Sa/a + /aCa + E that TVf, C = 2J2aeR+i<^^ «)• Thus, X = 0. 

This lemma together with previous results immediately implies statements 1 and 
2 of the theorem. Statement 3 follows from VF-invariance of the operator L^. □ 

Note that Theorem 7.1.2 is a complete analogue of Proposition 3.1.1. 

Remarks. 

(1) This technique is borrowed from [Ma]. 

(2) In the simply-laccd case the identity X^(ct, a) = r/i^ becomes dim g = r{h + 
1), where h is the Coxeter number for q. This latter identity is well known 
and has a beautiful interpretation in terms of the Coxeter automorphism 
(see [Kos]). 

Theorem 7.1.4. M preserves the algebra ofW- invariant polynomials: MA^ c 
A^ . Moreover, in the basis of orbitsums its action is triangular: 

(7.1.7) Mm-^ = (A, A + 2kp)m-^ + J] c^^^m^. 

A<A 



Proof. Proof is based on the following lemma: 
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Lemma. Let f e A^,f = + lower terms, a e R+. Then j^d&f is a 
well-defined element of A with highest term —{X,a)e^~°'. 

Proof of the Lemma. The proof is based on the fact that due to M^-invariance, 
/ contains terms and e^~^'^'" with equal coefficients, and on exphcit calcula- 
tion. 

Now the statement of the theorem follows from the explicit formula (7.1.4) for 
Mfc. □ 

Our main objective will be the study of the eigenfunctions of action of this 
operator in , which we will call affine Jacobi polynomials. More precisely, let 
us consider the action of M in the linear space spanned by mp, with p, < X. This 
space is not finite-dimensional; however, one can still check that M has a unique 
eigenvector with eigenvalue (A, A + 2kp) in this space (this is based on the affine 
analogue of Lemma 3.1.3, and on some standard arguments on convergence). Thus, 
we adopt the following definition: 

Definition 7.1.5. Affine Jacobi polynomials J^,Xe P'^ are the elements of 
A^ defined by the following conditions: 

(1) Ji = m-^+ C5;-m^. 

(2) mJ-^ = {Xx + 2kp)J-^. 

As was said above, these conditions determine uniquely. Note that if /t = 
X + n5 then = p~'^J^. Thus, it suffices to consider only the polynomials for 
A = A + KAo,A e P+. 

Examples. 

(1) Let k = 0; then = m^. 

(2) Let k = 1; then = chL-^. 



Theorem 7.1.6. For every K e Z+, affine Jacobi polynomials {jx+KAo}\^p 
form a basis over C((p)) in A^ . 



Proof. It follows from the fact that the orbitsums form a basis of A^ (The- 
orem 6.2.2) and the following elementary lemma the proof of which is left to the 
reader: 

Lemma 7.1.7. Fix K e Z+. Let A = {O'xfiJx fxeP~^ ^ matrix with complex 
entries satisfying the following conditions: 

(1) a^^ = unless p, < X. 

(2) «AA = 1- 
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Then this matrix has an inverse: there exists a unique matrix B = {b^pj satis- 
fying the same conditions such that AB = S^^. 



7.2 AfRne Jack polynomials as generalized characters 

In this section we consider affine Jacobi polynomials (see Definition 7.1.5) for the 
root system A^-i, which we call affine Jack polynomials, and show that they can 
be obtained from the generalized characters for the Lie algebra sin- In this section, 
we only consider q = sin- 

As before, we fix a positive integer k. As in Section 3.1, let U be the finite- 
dimensional irreducible representation of sin with highest weight n{k — l)u>i. Recall 
that U[0] is one dimensional, and we have fixed an element uq G U[0], thus identi- 
fying U[0] ~ C : Mo I— 1- Let U{z) be the corresponding evaluation representation 

of Sln- 

Proposition 7.2.1. Let ji e P+. A non-zero intertwiner 

exists iff jj = {k — l)p + A, A G ; if it exists, it is unique up to a scalar. We will 
denote such an intertwiner by 

Proof. The proof is based on Lemma 6.1.3. 

Let us consider the corresponding generalized characters 

(7.2.1) n-x^-^,, AeP+. 

They take values in U[0], which is one-dimensional, and thus can be considered 
as scalar-valued so that 

= e^"'"^'^"''^-'^ -|- lower order terms. 

Proposition 7.2.2. For every a e ip^ is divisible by (1— e'*)'^"^ {divisibility 
is to be understood in the algebra A). 

Proof. This statement is trivially true for a — nd, since (1 — p~^) is invertible 
in C((p)). Therefore, we can assume that a = a -\- nS,a e R, in which case we 
can repeat the arguments used in finite-dimensional situation (see proof of Propo- 
sition 4.2.2). Let us consider the traces of the form 



(7.2.2) 
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where F is an arbitrary element of Usln- Let us take F = . Then, using the 
intertwining property of and the identity A(/q,) = /q, 1 + 1 (8) /q,, we can prove 
by induction that 

(i_e-a)fc-i- 

Since U[0],U[—{k — l)a] are one-dimensional, we can identify both of them with 
C; then f^~^'U[0] — > U[—{k — l)a\ becomes a non-zero constant. On the other 
hand, it is easy to see that (p^ e A, which proves the proposition. □ 

Theorem 7.2.3. Let (p^ be the generalized character for sin, defined by (7.2.1). 
Then 

(7.2.3) <fo = S''-\ 

where S is the affine Weyl denominator (6.2.4). 

Proof. Let us consider the ratio / = cpo/5''~^. It follows from Proposition 7.2.2 
that / e A. It has level zero and highest term 1. Moreover, similar arguments 
show that if we twist the order on P by the action of the Weyl group: A fi if 
A — /i G w{Q^), w E W then the highest term of / with respect to any such twisted 
ordering is still 1. This is only possible if / e C((p)). To complete the proof, 
we have to use the differential equation for the characters. Indeed, Example 6.3.3 
implies that (p^ satisfies the following equation: 

since eafa\u[o] = k{k - l)Idu[o]. 

Substituting in this equation (fo — f{p)5^~^, we see that / satisfies Mf = 0. 
Using formula (7.1.4) for M we get 2kh^p^f = 0, which is possible only if / is a 

constant. Comparing the highest terms of (^o and 5^~^ , we get the statement of the 
theorem. □ 

Now we can prove the main theorem of this section: 

Theorem 7.2.4. Let (p\,X e -P"*" be the generalized character for sin defined by 
formula (7.2.1), and let be Jack (Jacobi) polynomial for the root system A^-i- 
Then 

<fio ^ 

Proof. The proof is again quite similar to the finite-dimensional case (The- 
orem 3.2.3). First, we prove that (p^/(po G . Consider the module L = 
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<S> -^(fe-i)p- This module is unitary (since both factors are unitary); thus, it 
is completely reducible and can be decomposed in a direct sum of the modules L^: 

^ = ^(fc-i)p+A + XI ^A^A- 

il<X+(k-l)p 

This sum is, of course, infinite; however, all multiplicities Np, are finite. In 
particular, this implies that the character of this module belongs to the algebra 
(that is, VF- invariants of completed group algebra of P), so in a certain sense this 
sum converges. 

Let us construct an intertwiner "i/: L ^ L^U{z) as \E' = Id^^ ®$o- Consider the 
corresponding generalized character x^- Then it follows from the decomposition of 
L that 

A6-P+ 

A<A 

On the other hand, — 'Po chL^. Dividing both sides by ipQ we get 

ch L\ = o<i - — , 

where a-^^ ^ only if /i < A, and a^^ = 1. It follows from Lemma 7.1.7 that we 
can invert this matrix, writing 

and the coefficients hj^^ satisfy the same conditions as a^^. Thus, G and 

has highest term . 

We have proved that (py^ / (po satisfies the first condition in the definition of Jack 
polynomials. Now, using the differential equation for generalized characters (Ex- 
ample 6.3.3) along with the fact that eafa\u[o] = ^(^ ~ 1) Id[/[o], we get 

L{^-J) = {X + kp,X + kp){^-J). 

Since (po = 5'^~^ we can rewrite this as follows: 

if'^d''] =(X + kp,X + kp) {"^S^^ , 
J Vvo / 

which is precisely the definition of affine Jack's polynomials. □ 
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CHAPTER VIII 



MODULAR PROPERTIES OF AFFINE JACOBI POLYNOMIALS 



In this chapter we consider the affine Jacobi polynomials defined in the previous 
chapter from the analytical point of view. We prove that they define an analytic 
function in a certain domain, show their connection with theta-functions and study 
their modular properties, following the paper [EK4]. 

All the constructions of this section are valid for arbitrary Lie algebra g. 

8.1 Functional interpretation of C[P]. 

So far, we have considered elements of C[P] and its various completions and 
extensions formally. In this section we discuss the analytic approach. 
Let us define the following domain 

(8.1.1) Y = i)xCxn, 

where Ti is the upper half-plane: 7i = {r e C| Im r > 0}. Then every element 

G C[P] can be considered as a function on Y as follows: if X = X + a5 + KAq 
then put 

(8.1.2) e^{h,u,T) = e2"^l<^''^>+-^"-"^. 
Note that this in particular implies that p = is given by 

(8.1.3) p = e^""'^. 

It is easy to see that if / e C[P] then f{h,u,T + 1) = f{h,u,T), so we can 
as well consider / as a function of /i, where p e C is such that < |p| < 1 
(the reason for this choice of possible values for p will be clear later). Note that 
/ G €.[Pk] f{h,u,T) = e^'''-^''/(/i, 0,t); in this case we say that / is a 

function of level K. 

Of course, we can't extend this rule to the completion A. However, it turns out 
that we can extend it to certain elements of A. 
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Definition 8.1.1. Let f = J2 05; e-*" e C[P], and let U gY. We say that / is an 
analytic function on U (or that / converges on U) if this sum, considered as a sum 
of functions on Y by the above rule absolutely converges in U, and this convergence 
is uniform on compact subsets in U. Similarly, if f E TZ then we say that / is 
an analytic function on U if t(/) converges on U, where r : TZ ^ C[P] is the 
homomorphism obtained by expanding each (1 — e")~^ = l + e" + e^" + . . . ,a E R~ 
(see the definition of ^ in Section 6.2). 

The following theorem is well known (see, for example, [Kal, Chapters 11,13]) 

Theorem 8.1.2. 

(1) For every A G , the orhitsumm-^ defined by (6.2.3) is an analytic function 
on Y . 

(2) The affine Weyl denominator S defined by (6.2.4) is an analytic function in 
Y , and 

(8.1.4) 5(/i,«,T) = e2'^''^''^il^^lp-^r7(p)^-l^^l J] 

a.eR+ 

where the theta {9i) and eta {rf) functions are defined in the Appendix. 

It is easy to rewrite the definition of VF-invariance in analytic terms. Indeed, de- 
fine the action of the affine Weyl group on F so that e^^{h, u, r) = e^{w~^{h^ u, r)) 
One easily checks that when restricted to the finite Weyl group W this action co- 
incides with the usual action of VF on ^ (leaving w, r invariant), and the action of 
e is given by 

a^{h, u, t) = {h — a^T, u + ^(ck'^, q;^)t — {a^ , h),T). 
This immediately implies the following proposition: 

Theorem 8.1.3. Let f e Ak be such that it converges in Y. Define fih^r) = 
^-2-K\Ku j tt, r). Let us consider the ring A^ of elements from A invariant with 
respect to the action of C W . Then f e A^ iff f satisfies the following 
conditions: for every e , 

f{h + a\T) = fih,T), 
^ ■ ■ /> + aV,T) = e-2-^(^(«''"')-+<"'''^»/>,T), 

and f e A^ iff f satisfies (8.1.5) and is W -invariant. 

Functions on () x ?i satisfying (8.1.5) are usually called theta-functions of level 

thus we see that A^ is the formal analogue of the ring of H^-symmetric theta- 
functions (cf. [Lo]). 
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Finally, let us consider the questions of convergence of affine Jacobi polynomials 
and generalized characters. Recall (see Section 2.2) that we have introduced the 
differential operators dx,x & f) and A(, acting in functions on f) so that 

If we choose an orthonormal basis xi,l — l,...,r in [) and denote by q the 
corresponding coordinates in f): h = ^cixi,ci e C then these operators can be 
rewritten as follows: 



27ri dci 

(8.1.6) 

A 



1 ^ 



^ 47r2 ^ dc^ ' 

Now we can write the differential operators L, M defined in Section 7.1 as usual 
differential operators in Y with analytic coefficients: 

Proposition 8.1.4. The coefficients of the differential operators L,M defined 
by (7.1.1), (7.1.5) respectively are analytic functions in the region |0 < Im {a,h) < 
Im T for all a G R'^ } , and in this region the following formulas hold: if we consider 
them as operators acting on functions of level K then 



^^ -^ j^ M = - 2(K + kh'')p^ -'2kJ2 ^((«' h))da, 
-2kKS^ \r ^ n+ ^ n 1 , 

n>l \ ^ aGit ^ / 

where the functions 9i{x)^ p{x)^a{x) are the usual theta- function, Weierstrass p- 
function and sigma- function, respectively {see Appendix), and the constant c(r) is 
defined in the Appendix {formula A4). 

Proof. Explicit calculation. 

Theorem 8.1.5. For every A e , the affine Jacobi polynomial converges 
in Y . 

Proof. Assume A e Pk- Due to Theorem 6.2.2, we can write as linear 
combination of orbitsums: — ^;^£p+ /a(p)wa+kAo for some fx e C{{p)). Let 
us substitute this in the defining equation 
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MJ^ = (X,X + 2kp)Jj^. 

Since A(m^) = (A, A)m^, it is easy to deduce that f\{p) satisfy the foUowing 
system of first-order differential equations: 

-2{K^kK')p—h= ^ /^a^A, 
where the coefficients ax^ e C((p)) are defined by 

It follows from Proposition 8.1.4 that Mm^+KAo converges in the region < 
Im (a, h) < Im r; this is only possible if each ax^ converges in < |p| < 1. It is 
well known that this implies that fx{p) absolutely converges in the same region. 
Since converges in Y (Theorem 8.1.2), we get the statement of the theorem. □ 

Corollary 8.1.6. For g = sin, the generalized characters ip^ defined by (6.2.1), 
converge in Y. 

In fact, it is a general result, which we prove later (see Chapter 9): if L is an 
integrable module over Q, U - finite-dimensional representation of g, and $ : L — > 
L®U{z) is the g-intertwiner then x$ converges in Y. 

8.2 Normalized characters and modular invariance 

In this section we study modular properties of affine Jacobi polynomials, con- 
sidered - in accordance with the previous section - as functions on [) x C x 7i (see 
8.1.1). In this section we fix level K G and assume that x — K + kh^ ^ 0, 

thus excluding the trivial case K = k = 0. Then / e can be written as 
f{h, u, r) = e^'^^^'^f{h, 0, r). For this reason, we can consider / as function of only 
h, r without losing information. 

To make our functions modular invariant we need to introduce some factors of 
the form p*, t G Q. Thus, we need to consider slightly more general setting than in 
the previous sections. Namely, instead of the weight lattice P we consider a bigger 
abelian group P' = P ®<C5® ZAq. Also, we can consider the algebra A' formed by 
finite sums of the form YliP""^ fii ^ fi ^ ^^nd the subalgebra of H^-invariants 
in A' in a manner quite similar to that of the previous section. All the results of 
Chapter 6 hold with obvious changes. Again, we can consider elements of A' as 
functions of h,T, repeating all the arguments of Section 8.1; the only difference 
is that elements of A' define multivalued functions of p; of course, this ambiguity 
vanishes if we consider them as functions of r. 
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Define the normafized analogues of p and 5 as follows: 



This renormalization is chosen so that AS' = 0; another reason for this renormaliza- 
tion is that so defined 6' possesses nice modular properties. Indeed, if we consider 
6' as a function then (8.1.4) implies 



(8.2.2) 5'(/.,«,r) = e2-'^'"il«^lr/(p)^-l«^l H 

since it is known that 

{P,P) ^ dim Q 
2h^ 24 

("strange formula" of Freudenthal-de Vries, see [Kal, Chapter 12]). 
Now, let us define the renormalized operator 



(8.2.3) M' = S'-'^LS'" = M- 

It is easy to see that the definition of affine Jacobi polynomials which was given 

for A e P+ can be easily extended to A — A + i^Ao + ci5 G .P', K G A G -P^, o~ 
arbitrary. In particular, the following choice of a is of special interest for us: 

Definition 8.2.1. Let K g Z+,A g P^. Define the normalized affine Jacobi 
polynomial Jx,k by 



where 

(8.2.4) a = 



J\,K = J\+aS+K Ao, 

k{p,p) {X + kp,X + kp) 
2(K + /c/tV) 



Note that for k = 1 they are precisely the (usual) characters of integrable highest- 
weight modules, and the normalization coincides with that in [Kal, Chapter 13]. 

Note that in the case g — sin it follows from Theorem 7.2.4 that these polynomials 
can be defined as follows: 
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(8.2.5) J^,k{K ^) = ^ ^^x^.' (^$p-'^-^e2-'^) , 

where, as before, \^ — \-\- {k — l)p, K' = K + {k — l)/i^, Lxk^K' — -^A'=+K'Ao+a5) 
where 

^ (A^A^+2p) 

2{K' + hy) ' 

and c is the central charge for the action of Virasoro algebra in Lxk^K'- c = \^^v^ 
(see [Kal]). This form is quite usual in the conformal field theory (WZW model on 
the torus). 

It follows from the definition of affine Jacobi polynomials (see Definition 7.1.5) 
that the normalized affine Jacobi polynomials satisfy the following differential equa- 
tion: 



(8.2.6) M'Jx,K = 0. 

Theorem 8.2.2. The space of solutions of the equation M'f = in A'j^ is 
finite-dimensional, and the basis over C in the space of solutions is given by the 
normalized affine Jacobi polynomials J\^k- 

Proof. Let / e A'^ be such that M'f = 0. Due to Theorem 7.1.6, we can 
write / = Eagp+ f\ip)J\,K- Substituting it in M'f = 0, we get p^f\ = 0, which 
proves the theorem. □ 

It follows from Theorem 8.1.5 that Ja,k converges on I) x H. Thus, we can 
formulate the analytic version of the theorem above: 

Theorem 8.2.3. For any K e Z+, the normalized affine Jacobi polynomials 
{J\,k}\^p+ form a basis over C of solutions of the equation M' f = m the space 
of W -symmetric theta-functions of level K [see conditions (8.1.5)). 

Now let lis recall some facts about the modular group and its action. Recall that 
the modular group F = 5'L2(Z) is generated by the elements 

satisfying the defining relations {ST)^ — S^, S^T — TS^, S"^ — 1. This group acts 
in a natural way on Y as follows: 

f a b\ . f h c{h,h) aT-\-b\ 
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In particular, 



T(/i, u, t) = (/?., U,T + 1) 



S{h, u, r) = ^— , It — 



{h,h) _1 
2t '~t 



Also, for any j e C we will define a right action of F on functions on Y as follows: 



In fact, this is a projective action, which is related to the ambiguity in the choice 
of (cT + d)~^ for non-integer j; to make it a true action one must consider a central 
extension of S'L2(Z); we are not going into details here, only mentioning that the 
corresponding cocycle takes values in the unit circle in C. We will call this action 
"an action of weight j". This action obviously commutes with the action of W. 
Moreover, it is well known (and is easy to check) that for every K e Z+, this action 
preserves the space of theta- functions of level K. 

Our main goal will be to find the behavior of the (normalized) affine Jacobi 
polynomials under modular transformations. The first result in this direction is 

Theorem 8.2.4. Fix x e N. Then the space of all solutions of the equation 
Lf = in the space of functions of level x on Y {i.e., functions f satisfying 
f{h,u,T) — e^'^^^"/(/i, 0, r) ) is invariant under the action of T of weight j = 



Proof. It is easy to see that the operator L is invariant under the action of 
T e r. Thus, to prove the theorem, it suffices to prove the following formula: 




{f[oi]j){h,u,T) = {cT + d) ^ f{a{h,u,T)). 




Limj) = T-\iLg)[S]j) - ^{^{r - 2j) + /c(/c - l)r/.^)/[5],-. 



This is based on formula (8.1.7) for L, which we rewrite in the following form: 




where 




1 



p{x) + c(t) for some constant c(t). 



47r2 
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(see formula (A4) in the Appendix). 

Using modular properties of the theta-function (see, for example, [Mu]), we can 
show that (p{^, -i) = T^ip{x, r) + ^r. 

Also, it is not too difficult to check that 

A {f[S]j) = r-\{Af)[S],) -£r^{r- 2j)(/[5],), 

using the expression for A given in Section 8.1 

Since (a, a) = rh^ (see proof of Lemma 7.1.3), we get the desired for- 

mula. □ 

Corollary 8.2.5. The space of solutions of the equation M'f — 0, where f is 
a theta-function of level K, is invariant under the action of modular group with the 

weight j = - 2^K+khvy 

Proof. First recall that the space of VF-invariant theta-functions of level K 
is preserved by this action. Now the statement of the theorem follows from the 
previous theorem and the following well known fact (see [Kal, Chapter 13]): 

S'[a]r/2 = l{a)S', 

for some function (not a character) I -.T ^ such that = 1. 

Since we know that the basis of VF-invariant solutions is given by the normalized 
aflfine Jacobi polynomials, we can rewrite Corollary 8.2.5 in the following form: 

Theorem 8.2.6. Let K Denote 
(8.2.8) = CJa.k. 

X€P+ 

We consider elements ofVx as functions on Y . Then Vk is preserved by the ac- 
tion ofV with weight j ~ ~^(KT^hy) ■ -^'^ particular, this means that Vk is naturally 
endowed with a structure of a projective representation ofV, and the corresponding 
cocycle takes values in the unit circle = {z & C||2;| = 1}. 
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CHAPTER IX 



CORRELATION FUNCTIONS ON THE TORUS 
AND ELLIPTIC KZ EQUATIONS 



In this chapter we consider generahzed characters for affine Lie algebras with 
vahies in a tensor product of evaluation representations. These characters have 
appeared in the (twisted) Wess-Zumino-Witten (WZW) model of conformal field 
theory as correlation functions on the torus, and the differential equation for the 
generalized characters deduced in Chapter 6 can be interpreted as describing their 
dependence on the modular parameter r of the torus. It turns out that their depen- 
dence on the parameters zi of evaluation representations can also be described by 
a simple differential equation, which was first derived by Bernard ([Be]). We derive 
rigorously these equations and study their monodromies, which has not been done 
before. We call them elliptic Knizhnik-Zamolodchikov (KZ) equations, the reason 
being that in the limit r — » ioo these generalized characters become the usual cor- 
relation functions on the sphere, i.e. certain matrix coefficients of product of inter- 
twining operators, and the equations reduce to well known Knizhnik-Zamolodchikov 
equations (see [KZ, TK, FR]). 

9.1 Intertwiners and currents 

In this section we briefly review the facts about intertwining operators, commu- 
tation relations and (usual) KZ equation we are going to use. We refer the reader 
to [TK, FR] for the proofs. We keep all the notations of Chapters 6,7. Recall that 
we have defined for every A e [)* Verma module and irreducible highest- weight 
module L^. In this chapter we always assume that we have fixed level K so that 

we only consider weights of the form \ = \ + a5 + KKq. Moreover, we will always 
assume that A, K satisfy the following condition: 

(9.1.1) A e P+, K ^Q. 

This condition ensures that is equal to the module over g obtained by induc- 
tion from the module Lx over g. Note that this condition implies that K -\-h^ ^ {i. 
We discuss possible generalizations later. 
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It is known that the structure of the module Lx+aS+KAo does not depend on the 
choice of a. It will be convenient for us to fix a as follows: we let a = — A(A), where 



We denote the corresponding irreducible module by Lx k and Verma module by 
M\^K- The reason for such a choice is that in this case the action of d can be written 
in terms of action of Q as follows (see [Kal]): 



(9.1.3) 



\f^y\ 1] ( X] ^oc[n]fa[-n] : + : fa[n]ea[-n\ :) + ^1 : xi[r 



d = - 2(^K ' '-^^ / - ' / - ^' ^«[^]-^«[~^] • + • /«Wea[-n] :) + >.: xi[n]xi[-n] : 

(compare with (6.3.3)), where normal ordered product is defined by (6.3.4). 

Also, we have defined evaluation representations V{z). It will be convenient to 
change this definition, considering ^ as a formal variable rather than a complex 
number, as follows: 

Definition 9.1.1. Let F be a module over q. The evaluation module V{z) 
is the representation of q in the space V z~^C[z, z~^], where A is an arbitrary 
complex number, with the action defined as follows: 



7rv{z){x[n]) = z'^TTvix), 

(9.1.4) d 

'^v{z){c) = 0,nv{z){d) = z—. 

Note that so defined evaluation representations are indeed modules over the full 
affinc Lie algebra g, not only g, and they have weight decomposition: V{z) = 
®A€6* ^^^)['^] ^ ^ weight decomposition as g-module. 

We will be interested in the intertwining operators of the form 



(9.1.5) 



$ : Lx,K L^^K®L^{z). 



where the completed tensor product is defined as follows: if V, W are g-modules 
then 



(9.1.6) 



Aj + A- = A, (Ai,p) -oo 
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Lemma 9.1.2. 

(1) Let $ 6e a intertwining operator of the form (9.1.5). Then it can be 
uniquely written in the form 



(9.1.7) 



-n-A 



where A is the complex number used in the definition of evaluation repre- 
sentation, and $[n] are Q-intertwiners Lx k L^ k ® such that 



where L\ is the g-submodule in Lx^k generated by the highest-weight vector, 
and similarly for v. 

(2) The map $ i— > $[0] establishes isomorphism between the space of g {not 
qI) intertwiners of the form (9.1.5) and the space of Q-intertwiners L\ — > 

(3) A Q-intertwiner $ defined above is a g intertwiner iff A = A(A) — A(z^), 
where A(A) is defined by (9.1.2). 

From now on, whenever we consider an intertwining operator of the form (9.1.5) 
we assume that A is chosen to be A (A) — A(z>'), so that $ is a g-intertwiner. We 
will treat $ as a formal power series in z. Note that the condition that $ commutes 
with the action of d can be rewritten as follows: 



We introduce the following series, quite usual in physical literature. Let x e Q 
be a homogeneous element with respect to the root decomposition, and let 2; be a 
formal variable. Define 



$[0](La) CL,(8)L 



(9.1.8) 



^d- (d® 1)$ = z — ^. 

dz 



(9.1.9) 




Similarly, we define 



(9.1.10) 




0, X e n+, 

X, a; e n~, 
0, a; e n~, 

X exi^ . 
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Thus, Jx{z) = Jx{z) ~ Jxi^)- extend these definitions from homogeneous x 
to arbitrary a; e g by hnearity. We consider J{z) as a series in z with coefficients 
from Uq; similar agreement will be applied to other series we introduce. 

Usually in the literature a slightly different form of these currents and polarization 
is used, namely: 

Uz) = J24n]z-^-' = J^{z) - J-{z), 
Jt{z) = Y.x[n]z—\ 

n<0 

It is easy to express J in terms of J and vice versa; however, the form we use will 
be more convenient in our calculations. 

Note that for every g- module V from category (9, J^{z) can be considered as an 
operator V — > V ^C[z, z~^], where V is the completion defined similarly to (9.1.6). 
Moreover, {z) is in fact a well-defined operator V ^ V <^ C[z, z~^]. 

We can rewrite the definition of intertwining operator in terms of commutation 
relations with currents as follows. Let ^(z) be an intertwiner of the form (9.1.5), 
and u e L*. Define ^u{z) : Lx,k L^^k by ^uiz)v = {^{z)v,u). Then the 
definition of intertwiner operator takes the form 



(9.1.11) [x[n],^u{z)]=z''^xu{z), 

where xu denotes the usual action of a; e 5 in the dual representation L*. Note 
that 

^xu{z) = -{{l^x)^{z),u). 

Lemma 9.1.3. Let ^ be a g-intertwining operator of the form (9.1.5). Then we 
have the following identities of power series in z,w: 

( ^^xu{z):xe n+, 

(9.1.12) [J±(«;),$,(^)] = I lf^^xu{z),xe [), 

Here by definition, we let 



(9.1.13) -J- = ,-^y2fl 

in the formula involving J'^ and 
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z — w ^-^ \ w 

n>0 ^ 

in the formula involving J~ . 

Often we will write ^3^, \z\ > \w\ for the expansion (9.1.13), meaning by this 
that we are expanding in positive powers of w/z; similarly, we write \w\ > \z\ 
for (9.1.14). 

The proof is straightforward use of (9.1.11) and can be found, for example, in 
[FR]. 

Theorem 9.1.4. ([FR]) In the notations of Lemma 9.1.3, we have 



(9.1.15) {K + h'')z-^^^{z) = '■.Jaiz)^auizy. + ^h.uiz), 

a 

where a runs over an orthonormal basis in g, and 

(9.1.16) ■.Ja{z)^au{zy: = J+{z)^au{z) - ^au{z)J-{z). 

Proof. The simplest way to prove it is to substitute in the commutation relation 
(9.1.8) between d and the expression (9.1.3) for d. After some trivial though 
boring computations, we get the desired formula (9.1.15). 

9.2 The correlation functions on the torus and elliptic KZ equations. 

In this section we define the correlation function on the torus. We keep all 
notations and conventions of the previous sections. Let Lx.^Kji = 0...n be a 
collection of irreducible highest- weight modules such that Aq = A„, = A, and let 
$*(2i) : L\^^K — ^ -^Ai_i,K®-^^ii (zi) be intertwining operators. Then we can consider 
the following "correlation function on the torus" : 

(9.2.1) xxM^i ■ ■ ■ ^n,P, h) = TV {^\z,) . . . $-(^„)p-'^e2-''^) , 

where /i e f). This is nothing but the generalized character x*, where 



(9.2.2) 
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So far, we consider x ^ts a formal series in p, zi with values in the finite-dimensional 

space V; in fact, it follows from weight considerations that x takes values in the 
zero- weight subspace V[Q\. Later we will study the questions of its convergence. 
Note also that since \E' commutes with d we have 

thus X only depends on the ratios Zi/zj. We will write 7ri{x) for action of a; e £| in 
the i-th factor . in the product V = L^^ ® . . . ® . 

These functions are the main objects of study in this chapter. We call them 
"correlation functions on the torus": readers familiar with Wess-Zumino-Witten 
model of conformal field theory immediately recognize that if we let /i = in (9.2.1) 
then we get what is known as n-point correlation function on the torus (up to a 
factor of where c is the central charge of Virasoro). 

The following theorem follows immediately from Lemma 9.1.2(2). 

Theorem 9.2.1. The space of Q-intertwining operators W of the form (9.2.2) is 
isomorphic to the space of all Q-intertwiners L\ ^ L\® V . 

Let us consider the limit of x as p ^ of this correlation function. 

Lemma 9.2.2. 

(1) In the limit p — > 0, the trace x defined by (9.2.1) has the following asymp- 
totic: 

(9.2.3) x^P^'^^^T^L^ ($i(zi)...$-(^„)e2-'^). 

Note that the last trace is taken over the finite- dimensional module Lx C 
L\K, not over the whole module Lx^k, and is independent of p. 

(2) In the limit p ^ 0,h ^ +ipoo so that pe^'^'^'*'") for all a e R, 
^-2m{h,a) _^ g ^ g trace X has the following asymptotics: 

(9.2.4) x^p''^^^e^^'<^^^>f{z^,...,zn), 
where 

(9.2.5) f{zi, ...,Zn)^ ^'(^l) • • • $"(^n)^A,K) 

is a function of zi, . . . , Zn with values in V . 

The limits should be understood in the formal sense {as limits of formal 
power series). 

(3) The function f defined by (9.2.5) converges to an analytic function in the 
region \zi\ > \z2\ > •■• > \zn\ and satisfies there the following system of 
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differential equations (trigonometric form of Knizhnik-Zamolodchikov equa- 
tions): 



(9.2.6) (K + /.V),.^/= -.,{h,^,))f^ 



where 



aeR+ I 
1 . 



2 ^,0;; (^x/ 

ae-R+ « 



and = tTj (8) 7rj(f2^). 

The proof of the first two statements is quite trivial; as for the last one, we refer 
the reader to [FR]. 

So far, we considered Xx,k as a formal series in Zi, p. Let us prove that in 
fact it defines an analytic function in a certain region. Let T> be the set of all 
(zi, . . . , Zn,h,p), Zi,p E C,h & i) satisfying the following conditions: 



< IpI < 1 

Ipe^^^^'^'"^ I < 1 for aU q; e i? 
(9 2 7) I/- I 

|e-^'''<'*'">| < 1 for aU a e i?+ 

kl| > 1-^21 > • • • > \Zn\ > \pZi\ 

Recall the notations dx,x e f),A^, introduced in Section 2.2 (see also formula 
(8.L6)). 

Theorem 9.2.3. 

(1) The trace xx,K{zi, h,p) defined by (9.2.1) converges to an analytical function 
in T>. 

(2) This trace satisfies the following differential equation in T>: 



(9.2.8) (A^ - 2{K + h'')p^ + ^)(x^) = (p, p)xl 
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where 



(9.2.9) 



^ = - ^ TTj ® TTj- 2 J] eaiZi/Zj)"^—— 



^2iTi{a,h) pin 



«=l...r 



(1 -p"^)^ 



= - ^ TTi (g) TTj 2 ^ 0(-(q;, /i),Ci - Ci)/a ® + ^(/)o(Ci - Cj)^:^/ ® 

where Q are defined by Zi — e^^^^* , the functions (p, (po are defined in the 
Appendix and S is the affine Weyl denominator given by (6.2.4) (see also 
(8.1.4)). We use the following convention: tTj (8) 7ri(a ® 6) = TTi{ab). 

Proof. The proof goes as follows. First, formula (9.2.8), interpreted as a an 
equality of formal series, follows from more general formula (6.3.8). Next, it is easy 
to see that in fact all coefficients of the differential equation (9.2.8) converge in 
T). It follows from the Lemma 9.2.2 and well-known facts about convergence of 
matrix elements of products of intertwining operators (see [TK]) that in the limit 
p — > the trace x converges for \zi\ > ■ ■ ■ > \zn\- These observations along with 
the standard fact from the theory of ordinary differential equations (namely, that 
if a formal series satisfies a differential equation with analytic coefficients then this 
series converges to an analytic solution) prove that is an analytic function in V; 
slight modification of the above arguments, using (6.3.7), allows to prove that in 
fact X converges in V. 

As we have mentioned before, in the case n — 1 the trace x is independent of 
z. However, in general case it is not so, and we can study the dependence of this 
correlation function on Zi, which should generalize the Knizhnik-Zamolodchikov 
equation (9.2.6). 

Theorem 9.2.4. The product xS, where x is given by (9.2.1) and S is the affine 
Weyl denominator (6.2.4), satisfies the following system of equations: 



(9.2.10) 



where 



d 



(K + /i^)— X<5= \ Y,r,,{C^-Q-'^^^^Y.'^^{xl)^,,\xl 



(9.2.11) 

r(C) = 27ri 



X] (ca ® fa ■ giC, {a,h)) + fa^e^- g{C, -{a,h))) -^xi^Xf a{C) 

.a€R+ 
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with the elliptic functions g, a defined in the Appendix. Here the parameters Q are 
related with Zi by zi = e^'^'^* . As usual, we let rij = tti® ttj (r) . 

We will call the equations (9.2.10) elliptic KZ equations; they are also known un- 
der the name Knizhnik-Zamolodchikov-Bernard equations, since they first appeared 
in the papers of Bernard (see [Be]). 

The remaining part of this section is devoted to the proof of this theorem. 

Proof. The idea of proof is quite simple, though the computations are a bit 
boring. Let us fix ui G L* ^ , . . . , u„ G L*^ and consider x(w) — {x, Ui ^ U2 ^ ■ ■ ■ ^ 
Un) G C. Then, using the expression for the derivative of given in Theorem 9.1.4, 
we can write: 



{K+h'')zi-^x{u) = 5^ Tr (^$^ . . :Ja{zi)^auMy- • • • ^^e^^V") -{^K 



where we write for brevity instead of $(^^(2^), and a is any orthonormal basis 
in 0. Since Y.(^ ® = Y^aeR+(^^ ® /a + /« ® e^) + Y,i^i® where xi is an 
orthonormal basis in [), we get the following expression: 

(9.2.11) 

iK + h'')zi—x{u)= « + ^a+bt + b-) + J2(c+ + cY)-Mhp)x)iu), 



' dzi 



where 



a- = - Tt . . {z^)J:^ {z,) . . . ^-e^-V-'^) , 
(9 2 12) \ jc J 

= - TV . . $U (^0 (^.) • • • ^ V- V'^) , 



+ _ 



cr = -Tt 



• • • (^04- (^0 • • • * V- V) . 

Let us calculate a^. Using the commutation relation 



for \zj \ > \zi\ (see Lemma 9.1.3), we get 
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a+ = ^ ^ X(«l, • • • , ea«j, . . . , faUi, ...) 

Using the cyclic property of the trace and the obvious relation 
we can rewrite it as follows: 

Zi 



a+ = ^ -2 — X{ui, eaUj, faUi, . . . ) 

j<i 

Now we again can commute J+ with all , and so on. It follows from the 
definition of the domain V, see (9.2.7), that lim^^oo e^'^'^^'^''^^ Jg+ (p'^Zi) = 0. Thus, 
we get the following expression: 



(„mg27rim(/i,a)^. 

^ pm^2Trim{h.a) \ 

+ E E m ® ^ 

m>0 i>i ^ ^ 3 / 



where for j = i we let, by definition, TTi<^TTj{fa<S)ea) = T^iifa^a)- Repeating similar 
arguments for a~ (but moving J~ in the opposite direction), we get the following 
result: 



E ^ _ ^VTi 7r,(/« (8) ea) x(«), 

where the sum is taken over all pairs m e Z,_7 = 1, . . . ,n except the pair (m 
0, J = z), and we have the same convention as before for the term with j = i. 
In the same way we get the following expression: 

(9.2.15) b+ + b-^(J2 ® ^.(ea ® fa) X{u), 
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with the same conventions as before. 



As for the terms , we must be more careful, since hm^_>oo J^^{p^'^Zi) = ^\xi. 
This gives us 



m,j * J / 

(9.2.16) + Tr($^ . . KtuM) ■ ■ ■ $"^ie'"' V"^) 



where in addition to the previous conventions we must also specify that the sum- 
mation is done in the following order: Ylim j ~ This can be replaced by 
Z^m 3 ~ V.P. Zlm' where the principal value of a series is given by 



AT 



(9.2.17) V.P. y;a^= lim V a^. 

m&'L m=-N 

Summarizing the previous calculations, we get the following answer: 

(9.2.18) {K + h'')z,^x= fer,7(V^,)-5]7r,(x0a,, -7r,(/ip)')x, 



where the sum is taken over all pairs m G Z, j = 1, . . . , n except the pair (m 
0, j — i), the order of summation is given by ^ = V.P. and 



(9-2-19) + ^^^^^^ TT, ® 7r, (e« ® /«) 

p'^Zi - Zj 



Recall that by definition for j = i we let tt^ 7rj(a (8) 6) = 7ri(a6). 
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We can simplify the expression above. Namely, note that the terms with j = i 
in (9.2.18) have the form: 



J2 J2[ pm_l ^m_l ''^f^l 



p—2Tvim{h,a) 



pm_l 

aeR+ m^O ^ 



=7rJ/ip+ ^ cr((Q;,/i))/ia j, 



where (y{x) is the logarithmic derivative of theta-function defined in the Appendix 
(see formulas (A2), (A7)). 

It turns out that if we write the differential equation for the product then 
these terms cancel. Indeed, since 5 does not depend on 2, we have 

(9.2.21) 

Since 6 — a(T) naeit+ M) (^^^ (8-1-4)), we have: 

Therefore, 



^ 2.i^^^^,((a,/.)) 



J2^^n,{xi){x5) = - E a((a,/i))7r.(M(x<5). 

Substituting this in (9.2.21) we see that this term cancels the terms rj^. Intro- 
ducing Q such that Zi = e^"^'^* and using the formulas from the Appendix, we can 



rewrite rij,j ^ i in terms of elliptic functions g,a, which gives us the statement of 
the Theorem. □ 

Remark. In fact, all the constructions of this section can be generalized to 
the case when A is not necessarily dominant; we could replace the conditions A e 
P"*", ^ Q by the following conditions: 

(A + p,a)- ^(d, a) =0 with N eN,a e R'^ 
is only possible if ci; e . 

These conditions ensure that L\^k is induced from the module L\ over and 
all the arguments of Sections 9.1, 9.2 can be repeated literally. 

We can also include in the consideration integrable modules; in this case, of 
course, the differential equations are the same, but it is not true that the space of 
intertwiners $ of form (9.1.5) is isomorphic to the space of 0-intertwiners (see, for 
example, [TK], where this is discussed in detail for g = 5^2)• 
9.3 Monodromies of elliptic KZ equations 

In this section we study some properties of the elliptic KZ equations (9.2.10). 
Let us consider the trace x = xi^ii ■ ■ ■ , ^n, h,p) defined by (9.2.1) as a function of 
zi, . . . , Zn,p with values in the space 

(9.3.1) V = (L^, . . . (g) L^J[0] (g) C°°(()). 

Then the elliptic KZ equations can be rewritten in the following form: 



(9.3.2) (^K + h'')—ip = Aicp, 

where = x^, and the operators : V — > V are defined by 



(9.3.3) Ai(Ci,...,Cn) = ^^rijiCi-Q) -2m'^ni{xi)d^^, 

jj^i I 

where all the notations are as in Theorem 9.2.5; in particular, r{Q is defined by 
(9.2.11). 

Lemma 9.3.1. The elliptic KZ system is consistent, i.e., 

(9.3.4) [{K + ^^)^ - Ai, {K + ^^)^ - M = 
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as operators in V. 



Proof. The proof is based on the fact that we have sufficiently many solu- 
tions of this system given by the correlation functions. Indeed, let us consider the 
commutator (9.3.4); denote it by Dij. It is easy to see that it does not contain 
derivatives in Q and thus is some operator in V. More precisely, it is some first 
order differential operator in [) tensored by some operator in (L^^ ® . . . ® L^^ ) [0] . It 
follows from Theorem 9.2.4 that it annihilates all the correlation functions (p — x^- 

Now, let us take A such that (A, a^) are large enough. It is known that we can 
do it in such a way that the space of all g-intertwiners ^ : Lx ^ Lx®V (recall that 
V = L^^ Cg> . . . ® -Z^^„) is isomorphic to the zero- weight subspace V[Q]. 

In this case it is easy to show, using Theorem 9.2.1 and some properties of 
correlation functions on the sphere, that Lemma 9.2.2 can be rewritten as follows: 

Lemma 9.3.2. Let us fix zi, . . . , such that \zi\ > ■ ■ ■ > \zn\. Then in the limit 
T — > -|-ioo the trace x has the following asymptotics: 



for some vector e ^[0]- Moreover, for generic Zi the mapping x ^ is an 
isomorphism of the space of all traces of the form (9.2.1) for all possible choices of 
Aj and the space V[0]. 

Therefore, we see that since the commutator Dij annihilates every trace x^i it 



and small enough p. But this is only possible if it is identically zero. □ 

Note that straightforward proof of the consistency would require use of Riemann 
identities for theta-functions, and would necessarily be very tiresome. 

Now, let us study some properties of the elliptic KZ system. First of all, we 
want to know the elliptic properties, i.e. the behavior of the coefficients under the 
translations d ^ Ci + l,Ci ^ d + 'T- Explicit calculation gives the following result: 

Theorem 9.3.3. Let r{C) he defined by (9.2.11). Then 

(1) ''12(C) + ''2i(-C) = 0? where ri2 = r, r2i = -P(r), P{a ® 6) = 6 ® a. 

(2) r has a pole of first order at ( = 0, and ReS(^=or{() = Q, where Q is the 
canonical g-invariant element in Q<S> Q defined by (1.1.3). 



Zn,P,h-^)c^p^^^^-^e 



,27ri(/i,A) 




(3) 



(9.3.5) 



r(C + l) 
r(C + T) 



(e^'^^'^ O 1) o r(C) o (e-^^^'^ ® 1) - 27ri ^xi®xi 



(1 ® e-2"''^) o r(C) 0(1® e^^''') - 2ni ^ a;; ® a;;. 
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Corollary 9.3.4. Let Ai he the operator in V defined by (9.3.3). Then for any 
j = 1, . . . ,n (including j = i), we have 

^^(Cl,--- ,0 + l,---Cn) = A,(Cl,... ,Cn), 

^^■^•^^ MCl, . . . , + T, . . . Cn) = TT, (e2-'^)A,(Ci, . . . , Cn)7r,(e-2-'^). 

Thus, the eUiptic KZ system is "almost" invariant under the elliptic transforma- 
tions. Let us modify it so that it becomes really invariant. 
Introduce the following operator in V: 



(9.3.7) V(Ci,---,Cn,M=n 



^i(c-0 + ^(7r,(/.)-7r,(/i))^ 



then 



(9.3.8) 



V'(Cl,---Ci + !,••• ,Cn) =V'(Cl,--- ,Cn), 
iPiCu . . . + T, . . . , Cn) = 7ri{e-^^'^)lP{Cu . . . , Cn). 



Then we have the following theorem: 
Theorem 9.3.5. 

(1) If (f is a solution of the elliptic KZ system (9.3.2) then (p = where is 
given by (9.3.7), is a solution of the system 

(9.3.9) (K + /i^)— (^ = i,(Ci,... ,Cn)^, 
where 

(9.3.10) A, = V^AiV"' + {K + /z^) A log^. 

(2) This new system is invariant under the translations by 1,t: for every j e 
l,...,n 



^i(Cl,---0 + !,••• ,Cn) = MCl,-- - ,Cn), 
AiiCi, . . - Cj + r, . . . ,Cn) = MCl, - - - , Cn)- 
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This means that we can consider (9.3.9) as a local system on the torus X = 
\ {Ci = Cjji where E = C/(Z + Zr). Therefore, it makes sense to consider 
monodromics of this local system. It will give us some representation of the fun- 
damental group of X in the space V. This fundamental group, called the pure 
braid group of the torus, is well known and can be described in terms of generators 
and relations. It is convenient to consider a larger group: the braid group of the 
torus BTn = ni{X/Sn), where the symmetric group Sn acts in X by permuta- 
tion of coordinates. Then 7ri(X) = Ker a, where a is the natural homomorphism 
a : BTn Sn- The local system above defines a representation of BTn in the 
following sense: to each 7 e BT^ we assign a holonomy operator 



M(7) : (L^, ® . . . ® L^J[0] ® C°°([)) ^ (L^^^,, ® . . . ® L^^^J[Q] ® 



where o" = (7(7). 

To describe this representation, recall that the braid group BT^ is generated 
by the elements Tj,l < i < n — l,Xj,Yj,l < j < n (in fact, it suffices to take 
only Ti,Xi,Yi). Their geometric meaning is as follows: if we take a base point 
C = (Ci, • ■ . , Cn) such that Q = Xi+ y^r, Xi,yi e R,0 < xi < . . . < < 1, < 
yi < . . . < i/n < I then Tj corresponds to a transposition of Q and Ci+i such that 
(i passes (i+i from the left and Xi,Yi correspond to Q going around the 1 and r 
cycles in negative direction: 



correlation function on the torus (9.2.1). 

Recall the known results about "commutation" of vertex operators. Denote by 
the space of 0-intertwiners L\ ^ ® L^: 



Then, due to Lemma 9.1.2, for every g G H'^'^ we have a unique g-intertwiner 
^^{z) : L\^K — ^ L^^K ® L^{z). Similarly, if we have weights Aq, Ai, A2 and /xi,/X2 
and Qi e H^*-'^' then we can define a g-intertwiner 




H'^'^ = Homg(LA, L^®L^). 



(9.3.11) 



Summing over all possible Ai, we can assign to every intertwiner g from 



A2 



Hom0(LA2, ® i^pi ® Li^^) 
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(note that this sum is in fact finite) a corresponding g-intertwiner $5^^^^ (2:1)$^^^^ (2:2) = 

Note that the product $^ (^i)^'^ (^2) is a weU-defined operator for l^il > 
\z2\-,Zi ^ M- in the sense that aU its matrix coefficients are well-defined analytic 
functions in this region. It turns out that we can analytically continue this product 
as a multivalued function in the whole region z\ ^ zit Zi ^ 0. Denote by the 
analytic continuation along the path when z\ passes zi from the left: 




. The following theorem is well-known (see, for example, [MS]). 
Theorem 9.3.6. As before, let us fix the weights Xq, X2, fJ-i, 1^2 and define 



(9.3.12) H^^^- = ^H^°^^ ® iy^f ^ = Hom,(LA„ V ® ^m^)- 

Ai 

Then there exists some linear operator R : H^^^'^ — > i^'^^Mi such that for every 
g e iyAiiM2 y;g /la^e the following identity in the region \z2\ > \zi\: 

(9.3.13) yl+($5''' (^1)$^''^ (^2)) = {Z2)^^^^^^'^ {zi). 

Remark. In fact, this matrix R coincides (in a suitably chosen basis) with the 
matrix R = PR, where R is the i?-matrix for the corresponding quantum group. 
This is probably one of the deepest results in conformal field theory; see its discus- 
sion, for example, in the book of Kassel [Kas] or in [KL]. However, we won't need 
it. 

This statement allows us to find the monodromies of the elliptic KZ system. Let 
us recall (see Lemma 9.1.2) that for every collection of g-intertwiners g^ : — > 
Lm we can define the corresponding g-intertwiners (zi) : Lx^^k — ^ 

-t'Ai_i,K ® Lfj_.{zi), and the corresponding trace x^^'^ "^"? defined by (9.2.1). We 
can extend this by linearity to define for arbitrary intertwiner 

9 e iy^i -^" = Home (La, La L^, (g) . . . (g) L^ J 

Al ,---)An — 1 

Let us fix the base point C° as before and define the the subspace V° C V which 
is spanned by the expressions of the form 
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(9.3.15) = xl^AC\p.hY5{hmC\pM. 

for all possible choices of X^g. In some sense, we could say that such expressions 
form a basis in V; however, since this space is infinite-dimensional this requires more 
accurate approach, and we prefer just to speak of the subspace V° in V formed by- 
finite linear combinations of the functions of the form (9.3.15). 

Theorem 9.3.7. The representation M : BT^ — > EndV, given by the mon- 
odromies of the local system (9.3.9), preserves the subspace V° and in this subspace 
is given by 

(9.3.16) ^ , ^ 

Yi : <p>^ ^ <f<^ , 

g' = Ri+i^iRi+2,i • • • Rn,iRl,i • • • Ri-l,ig- 

Here Ra+i is defined as follows: 



(9.3.17) Rii+i = 1(8). ..i?®... (8)1 :H'''-'^^ ^ ^Mi-w+iMi-Mr.^ 

where H^^ -^"^ is defined by (9.3.14) and the operator R was defined in Theo- 
rem 9.3.6. 

The numbers are defined as follows: if g E H^^---'^" lies in the component 
iy^f' ® . . . iJ^—i'^" for some Ai, . . . , A„_i then Aj = A(Ai) {see (9.1.2)). 

Proof. Let us assume that g is homogeneous, i.e. g e H^'^^ (8) ... (8) iy^"-^^" 
for some Ai,...,An-i. Let (p^{CP,h,p) G V*^ be a function of the form (9.3.15). 
Consider the corresponding function (^^(C, h^P), for arbitrary C,. Then we know that 
<^3((^, h^p) is a solution of the elliptic KZ system (9.3.9) (see Theorem 9.3.5). Thus, 
calculation, for example, of Xi(p3 is equivalent to finding the result of the analytic 
continuation of (p^ along the path Xj, i.e. the path which connects C° = (Ci » • • • » Cn) 
and (Ci , . . . , ~ 1) • • • ) Cn)- Since the dependence of (p on has the form 

(p = e~^'^'^*('^'^''^*)~^'^'^*-i)) • some periodic function of Q, 

we get the formula for action of Xi. 

The action of Tj can be calculated quite similarly; it is essentially the statement 
on the commutation of intertwiners (Theorem 9.3.6) 

To prove the statement about Yi, we should commute the operator (zi) with 

all $3 {zk)jl < k < i — 1; then use the cyclic property of trace and the relation 
p-dp2TTih^^^^ ^ ^|-g27ri/i^(^|-p_^-)p-dg27ri/i^ The factor 7r(e^^''') is canceled by the factor 

appearing in the transformation law for i/j (see (9.3.8)). □ 
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CHAPTER X 



PERSPECTIVES AND OPEN QUESTIONS 



In this chapter we briefly review the results and hst some open questions. So far, 
we have defined generahzed characters for simple finite-dimensional Lie algebras, 
corresponding quantum groups and affine Lie algebras. We also have derived a 
number of interesting properties of these characters and have shown that for g = sin 
and some special choice of U they coincide (after renormalization) with well-known 
special functions - Jack polynomials; similarly, for UgSln we get g-analogue of Jack 
polynomials - Macdonald's polynomials of type A^-i- This construction allowed 
us to reprove certain identities for Macdonald's polynomials. We also generalized a 
large part of this theory to the affine case. 

However, a number of interesting questions remain open. Here are some of them. 

1. Relation with afRne Hecke algebras. In a recent series of papers ([CI, 
C2]), Ivan Cherednik has shown that Macdonald's polynomials naturally appear in 
representations of double affine Hecke algebras. Using this technique, he proved 
Macdonald's inner product conjectures for arbitrary root systems. It would be very 
interesting to establish a relation of our construction with his work. Morally, it 
should be something like the duality between representations of GLn and Sm', so 
far, no results in this direction are known. 

2. Critical level limit. So far, we have assumed in the affine case that the level 
K of highest- weight modules is not equal to the dual Coxeter number . However, 
from many points of view the case K = —h"^ (critical level) is very interesting. For 
example, it was shown by E. Prenkel and B. Fcigin that (a certain completion of) 
the algebra Uq has a large center at the critical level. Using this result, Etingof 
has shown that the elliptic Calogero- Sutherland operator can be included in a large 
commutative family of differential operators (see [El]). 

However, it is easy to check that one can not define the generalized characters at 
the critical level in the same manner as we have done before, since in this case there 
are no intertwining operators of the form we need. One way to study the critical 
level is to study the asymptotics of generalized characters as K ^ —h^. For q — 5I2 
it was done in the paper [EK3], using explicit integral formulas for the generalized 
characters. This allowed us to recover the classical formulas for Lame functions. In 
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general case, no integral formulas are known so far; even if one writes such formulas 
(which can be done), finding their asymptotics is technically rather difficult. 

It seems plausible that there is a direct way to get the generalized characters 
at the critical level, using the language of coinvariants rather than intertwining 
operators. Such a construction should be closely related with geometric Langlands 
correspondence as defined in recent papers of Beilinson and Drinfeld. 

3. Inner product in the afRne case. In the finite-dimensional case, we had 
two ways to characterize generalized characters: in terms of differential equations 
or in terms of inner product (due to the orthogonality theorem). In the affine 
case, the differential equations work just fine, but defining inner product is quite 
complicated: any straightforward approach fails (the formulas have singularities). 
However, some arguments from conformal field theory suggest that there exists a 
natural inner product on the generalized characters such that we have an analogue 
of the orthogonality theorem. Also, this inner product should be modular invariant. 
This question is the subject of the author's present work ([K2]). 
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Appendix 



LIST OF FORMULAS RELATED TO ELLIPTIC FUNCTIONS 



In this Appendix, we briefly list the main deflnitions and formulas for elliptic 
(theta-, sigma-) functions we are using. Many of them can be found in [WW, Mu]; 
others can be proved in the usual way. 

Throughout this section, we assume that we are given a number p = e^'^^'^ e 
C, |p| < 1, and all our functions depend on it. 

In some formulas, we use the notion of the principal values of a series, which is 
defined as follows: 



N 



V.P. V = lim V . 

neZ n=-N 



Functions and identities 



n>l 



^^^^ ~ 27ri Oiix) ~ ^ 1 _png27ria; 2^ i _ pn^27rix 2 
^ ^ n>0 ^ n<0 ^ 



(Al) ei{x) = 2p^/^sm7TxY[{l - e2'^V)(l - e-2'^V)(l -p") 

(A2) 

(A3) P{x) = ^+ E ((x-m^-nr)2 ~ (m+W) 

(m,n)eZ2\{(0,0)} J \ ' J / 

pn^2Trix ^ 1 

E (l-^ng2.i.)2 - ^29>ge,ix) = —a'{x) 

nGZ ^ ^ ' 

(A4) = —-^p{x) + c(t) for some constant c(t) 

47r 

(A5) r7(T) JJ(1 -p'^) 

n>l 
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;^z^~^"''"^™ ^""^ ^i(^)^i(C) 

mGZ 

•^(^'0 = E (i_^..g-2.i.)2 = 



meZ 



^o*^^"^"")^ 7r2^i(C) 247r3^i(0) 12 
Symmetries and elliptic properties 



di{x + 1) = -Oiix), Oiix + t) = -p-^/^e-'''''^ei{x), 

p{-x) = p{x), 
p{x + l) = p{x + t) = p{x), 

ai-0 = -aiO, 
a(C+l) = a(C), a(C + T) = a(C) + l, 

^(a:^, = -^(C, x) = -g{-x, -(), 
g{x + 1,0= 9{x, 0, 9{x, C + 1) = 9{x, C), 
g{x + T, C) = e2-^^(x, 0, ^(x, C + r) = e^^-^lx, C). 
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Abstract 

Traces of intertwining operators and Macdonald's polynomials 
)C} ' Alexander A. Kirillov, Jr. 
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ized characters are a rich source of special functions, possessing many interesting 



differential (difference) operators. We show that the special functions that can be 



Let ^ : V V ® U he an intertwining operator between representations of a 
^ ■ simple Lie algebra (quantum group, affine Lie algebra). We define its generalized 

^ ! 

O ■ character to be the following function on the Cartan subalgebra with values in U: 

m , 

^ ■ X^{h) = Trvi^e'^)- This is a generalization of usual characters. These general- 

■ properties; for example, they are common eigenfunctions of a family of commuting 

> 

^ ■ obtained this way include Macdonald's polynomials of type A, and this technique al- 

H ; 

lows to prove inner product and symmetry identities for these polynomials (though 
proved earlier by other methods). 

Generalized characters for affine Lie algebras are closely related with so-called 
correlation functions on the torus in the Wess-Zumino-Witten (WZW) model of con- 
formal field theory. We derive differential equations satisfied by these correlation 
functions (elliptic Knizhnik-Zamolodchikov, or Knizhnik-Zamolodchikov-Bernard 
equations) and study their monodromies. 
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